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THE STOCHASTIC SYSTEM OF WENTZELL MOISTURE
FILTRATION EQUATIONS ON A HEMISPHERE AND ON ITS
EDGE

NIKITA S. GONCHAROV, GEORGY A. SVIRIDYUK*

ABSTRACT. The deterministic and stochastic Wentzell systems of the Baren-
blatt — Zheltov — Kochina equations, which describing the process of moisture
filtration in a hemisphere and on its boundary are studied. In the determin-
istic case, the unambiguous solvability of the initial problem for the Wentzel
system in a specific constructed Hilbert space is established. In the case of
the stochastic system, the Nelson — Glicklich derivative theory is used and
a stochastic solution is constructed, which allows us to determine the quan-
titative change in the geochemical regime of groundwater under pressureless
filtration.

Introduction

Moisture filtration as well as its flow, evaporation, falling, etc. is one of the
moisture transfer processes. Let 2 C R™, n > 2, be a manifold with edge I". The
system of two Barenblatt — Zheltov — Kochina equations [1], which describing the
moisture filtration process is defined on the compact Q UT

A= A)uy = aAu+ Bu, u=u(t,z), (t,z) € R xQ, (0.1)
A=Ay =~vAv + % +ov, v=uv(t,z), (t,z) e R x T, (0.2)
tru=wv, on R xTI. (0.3)

Here the symbol A in (0.1) denotes the Laplace — Beltrami operator on the smooth
Riemannian manifold €2, and in (0.2) the same symbol denotes the Laplace —
Beltrami operator on the smooth Riemannian manifold I The symbol v =
v(t,xz), (t,z) € R x T, denotes the external to R x I" normal to R x €. The
parameters «, A, 3,7,d € R characterize the medium.

We will study the solvability of the system (0.1), (0.2) in the case: = {(6,¢) :
0 €[0,%], ¢ € [0,27]} is a hemisphere in R?, and ' = {¢ : ¢ € [0,2m)} is the edge
of the hemisphere. In this case (0.1), (0.2) is transformed to the form

(A=A p)ur = alg pu+ Pu, uw=u(tb,9), (t,0,9) € R xQ, (0.4)
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(A= Ap)vy = YALv + Opu + dv, v ="(t,p), (t,p) ERXT, (0.5)
where the Laplace — Beltrami operator Ay, on the hemisphere and the Laplace —
Beltrami operator A, on the edge of the hemisphere have the following form

1 9. 0 1 92
G’V_smeae<81neae>+sm29&p2’

1 0 0
v w000 00

(0.6)

0=%

To this system we add the matching condition (0.3) and equip it with initial
conditions
U(O, 97 50) = Uo(o, 90)7 U(Oa 90) = UO(@)' (07)

Let us call the solution of the problem (0.3) — (0.7) the deterministic solution
of the Wentzell system. If we replace the functions u and v, defined by 2 and T’
respectively, on n = n(t) and k = k(t) are a stochastic processes on the interval
(0,7), we obtain stochastic Wentzell system, where the derivative of stochastic
processes is understand by the Nelson — Gliklikh derivative of the process. It asso-
ciated with correct definition of ”white noise” as one-dimensional Wiener process
(see, for example., [8, 9, 12]). Let us call the solution of the corresponding problem
the stochastic solution of the Wentzell system.

The paper, besides the introduction and the list of references, contains three
parts. In the first part, the existence and uniqueness of the deterministic system of
Wentzell equations in the hemisphere and on its edge are considered. The second
part contains abstract reasoning consisting in constructing the space of ($)-valued)
K-"noise”. The third part contains the proof of the existence and uniqueness of
the stochastic Wentzell system of equations in the hemisphere and on its edge.

1. Wentzell’s deterministic system
If 0 = k(k + 1) eigenvalues of the Laplace — Beltrami operator Ay, then
P (cos@)cosmp, m=0,---,k;
Yi"(p,0) =
P,Lm‘(cos 0)sin|m|p, m=—k,---,—1

are the corresponding eigenfunctions orthonormalized with respect to the scalar
product. Here,

Pult) = == L ez — 1)
M ok k) ik
is a Lejandre polynomial of degree k, and
|m]
Iml ey _ g _ g2yl d
P = (1 - ) SR

is the attached Lejandre polynomial. The scalar product is calculated using the
following formula

27 1
(Yo, yme) = /Cosmlgpcosmggodgo/P,Z’l“(t)P,?;z(t)dt.
0 -1
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Consider the following series

oo k
— ak?
u= Z Z exp (t%) <am,k cos My + b i sinmgp) Pi*(cosf),  (1.1)

2m

Am k. = /UO (0, 90) Cos méﬁdQO
0
2

bm,k: - Uo(e, (P) sin mSDdSD
0

P;*(0) sin 6d0,

P (0) sin 6d6.

o \NH O\NH

It is easy to see that the series constructed above is a formal solution of the
equation (0.4). Moreover, if the series in (1.1) converge uniformly, then we have a
solution to the problem (0.4), (0.7), where dpu = 0. Given this, we can construct
a solution to the problem (0.5), (0.7)

Nt § — yk?
v = kz::l exp (t X +7k2 ) (ck cos ko + dj, sin k<p> , (1.2)
where
2m 2m
cp = /vo(cp) cos kpdyp, dj, = /vo(ap) sin kpdp.
0 0

In the case of the matching condition (0.3) we obtain the following equation

(oo} k /8 _ O[k'2
Z Z exp <t>\-i-]€2> (amJC cos M + by, sin mgp) P (cos0)

= 5 —k?
= Z exp <t 5 ijz ) (Ck cos ky + dj sin k<p> .

o=1

Considering that o = ~, § = § we obtain equalivent system of equations

k
Z (am’k cos mp~+byy, i sin mgp) P (0) = ¢ cos kp+dy sin ko, where m+n = 2k.

m=0
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Substituting the integral coefficients we obtain an equivalent system

k 2

Z (/u0(9,<p) Cosmgod(p/P,z”(O) sin 6df cos mep
0 0

m=0
2m

+ / uo (0, ) sin medyp
0

P;*(0) sin 6d6 sin m<p> P (0)

O\MH

2 27
= / vo () cos kdyp cos ke + / vo () sin kedyp sin k.
0 0

Here the auxiliary integrals are calculated by the formula

Jurt

5
/ P (0) sin 0d6 = P (0) / sin0do = P (0),
0 0

and system has the following form

k 27 2 2
Z (/uo (0, ) cos mpdp cos mp + /uo(e, ) sin mepdp sin mga) <P,g”(0))
0
2 2
/ vo () cos kedyp cos ke + / vo(¢) sin kedy sin k.
0 0

(1.3)

Thus in the case @ = v, f = § and the obtained condition (1.3) the solutions to
the problem (0.5) — (0.7) will satisfy the (0.3) matching condition.

Lineal closure span{P}"(cos0)sinmep, P}"(cosf)cosmyp: m,k € N\{1},0 €
[0, %], €[0,27)} generated by the scalar product

27 %
(p,¥) = ©(0,9)(8, ) sin OdOdep,
/1

we denote by the symbol A(€2). Next, the closure of the span{sin k¢, coskp: k €
N, € [0,27)} by the norm, generated by the scalar product

(&, 0) = /f o),

denote by the symbol A(T).
Thus, the following theorem holds.

Theorem 1.1. For any ug € A(Q) and vo € A(T) such that (0.3) is satisfied, and
for the coefficients a, B,7v,d, A € R, such that the following condition is satisfied
a =17, B=20, and X # k?, where k € N, and condition (1.3) is fulfilled, there
exists a single solution (u,v) € C*(R; A(Q) & A(T")) of the problem (0.3) - (0.5).
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2. The space of "noises”

Let 2 = (2, A, P) be a full probability space; R be set of real numbers endowed
with the Borel o-algebra. By a random wvariable we mean measurable mapping
&: Q= R. A set of random variables {£ : E§ = 0, D€ < +oo}, the mathematical
expectation of which is equal to zero, and the dispersion is finite, forms the Hilbert
space Lg with the scalar product (£1,£2) = F&1 & and the norm ||§||i2 = D¢.

Consider the set J C R and the following two mappings. First, f: J — La,
associates each t € J with a random variable £ € Lg. Second, g: La x Q — R,
associates each pair (£, w) with a point {(w) € R.

A mapping n: J x Q@ — R, having the form n = n(t,w) = g(f(t),w), is called
an (one-dimensional) stochastic process. For each fixed t € J, the value of
the stochastic process n = n(t,-) is a random value, i.e. n = n(t,-) € La, which is
called a section of a stochastic process att € J. For each fixed w € €, the function
n=mn(-,w) is called a (sample) path of a stochastic process , corresponding to the
elementary event result w € ). The paths are also called realizations or sample
functions of a random process.

Usually, when this does not lead to ambiguity, the dependence of 7(¢,w) on w
is not specified and a random process is denoted by n(t).

Let be an interval J C R, then the stochastic process nn = n(t),t € J is called
continuous, if all its paths are almost sure continuos.

The set of continuous stochastic processes forms a Banach space, which we
denote by CLsg, where

7Gx, = sup D(t,w).
Let Ap be a o-subalgebra of the o-algebra A. Construct the subspace LY C Ly
of random variables measurable with respect to Ag. Denote by II: Ly — L3 an
orthoprojector.

For any £ € Lg, a random value of TI¢ is called aconditional expectation of a
random value of { with respect to Ay and is denoted by E(£|.Ag).

Fix n € CLg and t € J. Denote by N} a o-algebra generated by a random
value of n(t), and denote by E] = E(-|N}) a conditional expectation with respect
to N

Let n € CLg, the Nelson—Gliklikh derivative To] of the stochastic process n(t) at
the point t € J is called a random variable

7(3 (t,-) = 1{ lim EJ (W(t + At,A-z —n(t, )>

- 2'Ats0+
if the limits exist in the sense of the %niform metric on R.
If the Nelson—Gliklikh derivatives 7 (¢,-) of the stochastic process n(t) exist in
all (or almost all) points of the interval [J, then we say that the Nelson—Gliklikh

derivative 7 (t,-) exist on J (almost sure on J).

As an example, consider the Nelson—Gliklikh derivative for the Wiener pro-
cess O(t) (see, for example, [6]), describing Brownian motion in the Einstein-
Smoluchowski model

B(t)

2t "’

+ lim E}
At—0+

(Tl(t, ) = Z(tt — At ~)>}’

B (t) = teR,.
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Note that the set of continuous stochastic processes having the derivative 73 (t,-)
forms the Banach space C'Ly with the norm

Il = sup (Dnu,w) Dh <t,w>).

Introduce the space C'Lg, I € {0} UN, of random processes from CLsz, whose
paths are differentiable (almost sure) by Nelson—Gliklikh on J up to the order !
inclusively, define the norm in the space by the following formula:

l
2 ol
Il = (320 (1)),

k=0

By definition, we understand the Nelson-Gliklikh derivative of the order zero o770
as the original stochastic process, by the space C'La, I € {0} UN we understand
the space of K—"noises”.

Let us consider a real separable Hilbert space il (§) with orthonormal basis {py, }

({¢r}). Introduce a monotonic sequence K = {\;} C R such that Y A2 < cc.
k=1
Denote by UgLs (FiLz) the Hilbert space, which is a completion of the linear

span of K-random variables

E= Mior, & €Ly << = mlevr G € L2>
k=1

k=1

by the norm

lels =S A2pg, (|¢|’é - Zuzpck).
k=1 k=1

Note that for existence of a K-random variable ¢ € UkLsa (¢ € FxLa) it is
enough to consider a sequence of random variables {{;} C La ({{x} C L2) having
uniformly bounded dispersions D, < Const (D¢, < Const), k € N.

Construct the space of differentiable K—"noises”. Consider the inteval (e,7) C
R. A mapping n: (¢,7) — UkLa given by the formula

n(t) = Mele(t)pr,
k=1

where the sequence {{x} C CLa, is called a {-valued continuous stochastic K-
process, if the series on the right converges uniformly on any compact in J by the
norm ||-||; and paths of the process n = 7(t) are almost sure continuous.

A continuous stochastic K-process

M) => M & (e, (2.1)
k=1
is called continously differentiable by Nelson—Gliklikh on 7, if the series converges

uniformly on any compact in J by the norm ||-||; and paths of the process =" (t)
are almost sure continuous.
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Denote by C!(J,UkLs2), | € {0} UN the space of differentiable K—"noises”,
whose paths almost sure differentiable by Nelson—Gliklikh on J up to the order [
inclusively, with the following norm:

oo l .
2 °J
Inller 7 vxrs) = P (ZAi > D )
k=0 =1

An example of continously differentiable by Nelson—Gliklikh up to the order [
inclusively K-process is Wiener K-process (see, for example, [6])

Wk () =D AeBr(t)er
k=1

where {81} C C'Ly is a sequence of Brownian motions on R .
Similarly, the space of CY(7,FkLy), i.e. differentiable K-"noises” on FgLa,
are constructed.

3. Wentzell’s stochastic system

Let A : 8l — § be a linear operator. By the formula

oo
Ag = Z )\kkaQQk (31)
k=1
set the linear operator A : UxLs — FkLo, and if the series in the right-hand side
of (3.1) converges (in the metric FgLs), then £ € domA, and if it diverges, then & ¢
domA. Traditionally, the spaces of linear continuous operators £(UgLso; FxLo)
and linear closed densely defined operators are defined. The following holds

Lemma 3.1. (i) Operator A € L(3;F) ezactly when A € L(UkLgy; FkLo).
As you can easily see,

o0 oo
|AL||r < Z AeDEg || Apr||*T < const Z \iD¢;, = const ||€]|u.
k=1 k=1

(#i) Operator A € Cl(U;F) exactly when A € Cl(UgLz; FxLo).

For simplicity’s sake, let & = {u € WZ(Q) & W(T) : dou = 0}, § = L2(Q) &
Lo(T"). Next, following the algorithm above, construct the spaces of random K-
values . Random K-value £ € UkgLs has the form

n= Z Ak, K= Zﬂkfk%//k (3.2)
k=1 k=1

where {p)} is the family of eigenfunctions of the Laplace — Beltrami operator
Ay, € L(U;F) orthonormalized in the sense of the scalar product (-,-) of La(£2);
{tr} is the family of eigenfunctions of the Laplace — Beltrami operator A, €
L(; F) orthonormalized in the sense of the scalar product (-, -) of Lo(T"). Consider
the linear stochastic Wentzel system of the moisture filtration equation in the
hemisphere and at its edge. In this case (0.3) — (0.5) is transformed to the form

(A= Ap )0 = algon+ PBn, n € CF(Ry; UkLy), (3.3)
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(A= Ap)ke = VALK + 0pk + 0k, k € C(R4; UkLy), (3.4)
where
L), L
¢~ §in6 oo 96) " sin?0 9p?’
0? 0
AW_W’ 89—%9:%.

We add a matching condition to this system and supply it with initial conditions

1n(0) = o, (0) = Ko. (3.5)

Let us call the solution of the problem (3.3)-(3.5) the stochastic solution of the
Wentzell system.
Thus, the following theorem holds.

Theorem 3.2. For any ug € A(Q) and vy € A(T') such that (0.3) is satisfied, and
for the coefficients o, B,7v,0, A € R, such that the following condition is satisfied
a =7, B =27, and A # k?, where k € N, and condition (1.3) is fulfilled, there
exists a single solution (n,k) € C°(R; UkLa) of the stochastic Wentzell problem
(0.3) - (0.5).

Conclusion

We constructed an solution for the deterministic and stochastic Wentzell system
of moisture filtration equation on the hemisphere and on its edge.For this purpose,
we used a new approach to the study of the stochastic model with ”white noise”,
which we understand as the Nelson—Gliklikh derivative of one-dimensional Wiener
process. Further, we plan to continue the results of the paper by applying the
Wentzell boundary conditions in directions related to [15].

The research was funded by the Russian Science Foundation (project No. 23-
21-10056).

References

1. Barenblatt, G.I., Zheltov, Iu.P., Kochina, I.N. Basic Concepts in the Theory of Seepage
of Homogeneous Liquids in Fissured Rocks [Strata]. Journal of Applied Mathematics and
Mechanics, 1960, Vol. 24, Ne. 5, P. 1286-1303. DOI: 10.1016/0021-8928(60)90107-6

2. Favini, A. Multipoint Initial-Final Value Problem for Dynamical Sobolev-Type Equation in
the Space of Noises / A. Favini, S.A. Zagrebina, G.A. Sviridyuk // Electron. J. Evol. Equ.
—2018. — V. 2018, Ne 128. — P. 1-10.

3. Favini, A.The multipoint initial-final value condition for the Hoff equations in geometrical
graph in spaces of K-"noises” / A. Favini, S.A. Zagrebina, G.A. Sviridyuk // Mediterr. J.
Math. — 2022. — V. 19, Ne 2. — P. 53

4. Favini, A. Linear Sobolev Type Equations with Relatively p-Sectorial Operators in Space of
”Noises” / A. Favini, G.A. Sviridyuk, N.A. Manakova // Abstract and Applied Analysis. —
2015. — V. 2015. — 8 p.

5. Favini, A. One Class of Sobolev Type Equations of Higher Order with Additive ”White
Noise” / A. Favini, G.A. Sviridyuk, A.A. Zamyshlyaeva // Communications on Pure and
Applied Analysis. — 2016. — V. 15, Ne 1. — P. 185-196.

92



THE STOCHASTIC SYSTEM OF WENTZELL MOISTURE FILTRATION EQUATIONS

6. Favini, A. Linear Sobolev Type Equations with Relatively-Sectorial Operators in Space of
”Noises” / A. Favini, G.A. Sviridyuk, M. Sagadeeva // Abstract and Applied Analysis. —
2016.— V. 13. — p. 4607.

7. Goncharov, N.S. Non-Uniqueness of Solutions to Boundary Value Problems with Wentzell
Condition / N.S. Goncharov, S.A. Zagrebina, G.A. Sviridyuk // Bulletin of the South Ural
State University. Series: Mathematical Modeling, Programming and Computer Software. —
2021. — V. 14, Ne 4. — P. 102-105.

8. Gliklikh Yu.E.: Global and Stochastic Analysis with Applications to Mathematical Physics,
London; Dordrecht; Heidelberg; N.-Y., Springer, 2011.

9. Goncharov, N.S. Stochastic Barenblatt — Zheltov — Kochina Model on the Interval with
Wentzell Boundary Conditions / N.S. Goncharov // Global and Stochastic Analysis. — 2020.
~ V.7, Ne1.—P.11-23.

10. Giuseppe M.Coclite., Favini A., Gal Ciprian G., Goldstein G.R.: The Role of Wentzell
Boundary Conditions in Linear and Nonlinear Analysis, Tubinger Berichte, 132, (2008)
279-292.

11. Manakova N.A., Gavrilova O.V. About nonuniqueness of solutions of the Showalter-Sidorov
problem for one Mathematical model of nerve impulse spread in membrane / N. A. Man-
akova, O. V. Gavrilova // Bulletin of the South Ural State University. Series: Mathematical
Modeling, Programming and Computer Software. — 2018. — V.11, Ne 4. — P. 161-168.

12. Shestakov A.L., Sviridyuk G.A., Hudyakov Yu.V. Dynamic measurement in spaces of ”noise”
/ A.L. Shestakov, G.A. Sviridyuk, Yu.V. Hudyakov // Bulletin of the South Ural State
University. Series: Computer Technologies, Automatic Control, Radio Electronics. — 2013. —
V.13, N 2. — P. 4-11.

13. Wentzell A.D.: Semigroups of operators corresponding to a generalized differential operator
of second order, Doklady Academii Nauk SSSR, 111, (1956) 269-272. (in Russian)

14. Wentzell A.D.: On boundary conditions for multidimensional diffusion processes, Theory of
Probability and its Applications, 4, (1959) 164-177.

15. Zagrebina S.A., Konkina A.S. The Multipoint Initial-Final Value Condition For The Navier
— Stokes Linear Model / S.A. Zagrebina, A.S. Konkina // Bulletin of the South Ural State
University. Series: Mathematical Modeling, Programming and Computer Software. — 2015.
- V.8, Ne 1. — P. 132-136.

NIKITA S. GONCHAROV, POST-GRADUATE STUDENT, INSTITUTE OF NATURAL SCIENCES AND
MATHEMATICS, DEPARTMENT EQUATIONS OF MATHEMATICAL PHYSICS, SOUTH URAL STATE UNI-
VERSITY, CHELYABINSK, 454080, RussIia

Email address: goncharovns@susu.ru

GEORGY A. SVIRIDYUK, PROFESSOR, DR. ScC. (PHYSICS AND MATHEMATICS), HEAD OF MATH-
EMATICAL PHYSICS NON-CLASSICAL EQUATIONS RESEARCH LABORATORY, SOUTH URAL STATE
UNIVERSITY, CHELYABINSK, 454080, RuUssiA

Email address: sviridiukga@susu.ru

93



