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A GENERALIZATION OF THE RESULT OF V.V. SENATOV ON
CHARACTERISTIC FUNCTIONS OF CONVOLUTIONS OF
PROBABILITY DISTRIBUTIONS

V.N. SOBOLEV AND A.E. CONDRATENKO

ABSTRACT. This paper gives new expansions of characteristic functions of
convolution of symmetric probability distributions with an explicit estimate
of the remainder.

1. Introduction

Let £,£1,&2,... be independent identically distributed random variables with
zero mean and unit variance. Let £ be symmetric around zero with the real
characteristic function f(t). The normalized sums

Vn
have distribution function F,,(z) and characteristic function f"(ﬁ)

The present paper is concerned with expansions of characteristic functions of
convolution of distributions f”(ﬁ) and estimating the remainders. Note that
while constructing asymptotic expansions in the Central limit theorem (CLT),
the expansions of characteristic functions of convolution of distributions are often
used.

We use expansions containing the last known moment of the random variable
¢ in their main part. It’s idea was proposed by H. Prawitz in [5]

B k m A m + 2 A
where for K < m + 2
k k
on=ox(P) = et g= Au(p) = ML

v(¢), here and futher, are different complex functions such that |y| < 1.

2000 Mathematics Subject Classification. Primary 60F05; Secondary 60F99.

Key words and phrases. Central limit theorem; charachteristic functions; asymptotic expan-
sions; convolution; accuracy of approximation; explicit estimates; Chebyshev — Hermite poly-
nomials; Senatov moments.

139



V.N. SOBOLEV AND A.E. CONDRATENKO

This result of Prawitz has been generalized by I.G. Shevtsova [12]. In the
notation of this paper, one of her results can be represented by the following
theorem.

Theorem 1.1. For any r.v. £ with the characteristic function f(t) and M|¢|™ < oo
for some m € N, for allt € R the following estimates hold:

m—1
_ -\ k < 3 . m
‘f(t) 2 o (it) ,igfo (Alaqum()\)ﬁm) It (1.1)
where
m—1 .
m! | | (ix)F (iz)™
m(N\) = — e — — A", A>0. 1.2
gm(A) SUp o |e 2. o >0 (1.2)

V.V. Senatov obtained in [11, p. 189] two expansions of the real characteristic
function, wich are generalized in this paper. It is easily seen that expansions in
[11, p. 189] are valid for any even number m + 2 and

m
f(t) = Z 873 (Zt)k + )‘anH—Q (Zt)m+2 + Xo‘?n-{-Q (Zt)m+27(t)v (13)
k=0
where
A =max{\, 1 — A}, 0< A<
For the comparison of (1.2) and (1.3) it is worth noting (see [12]) that ¢, (\) >
max{}\, |1 — |} and
m
=1- fi <AL ———.
gm () A or 0< A< Sm 1 1)

While constructing in the CLT the expansions with and explicit estimation of
the remainder, it is convenient to apply [15] the decomposition for the function

F(t)e!”/2 in terms of the Senatov moments [7, 8]

9k_e,€(P)=% / Hy(x)dF (2),
where
2) = (—1)* Sﬁ(k)(l')

are the Chebyshev — Hermite polynomials [1, p. 21] of degree k, ¢(x) is the prob-
ability density function of the standard normal (cumulative) distribution function
D(x).

As well known [4]

Hy(z) (k/2] ; "
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The latter formula for Hy(z) allows us to express moments 0, in terms of moments
o, and ag; (), so [3]
(k/2] _
O = > (—1) ag;(¢)ak—2;(P). (1.4)
§=0
For the before introduced random variable ¢ it follows that
Qp = ]., ] = O, Qg = 5 (15)

The respective quantities for the standard normal law denote by a(¢), Bk (p), for
example,

1 .
i) = 5 azjr1(p) =0, j=0,1,2,....

2 -
At the same time, it is clear that always 8y = 1. From (1.5) and (1.4) it is seen

that
01 = a1(P)az(p) =0,

02 = az(P)ap(p) — ao(P)az(p) =

03 = as(P)ap(v) — a1 (P)aa(y) = ag = 0.
Due to the symmetry of the distribution P of ¢, it follows that the odd Senatov
moments are equal to zero,
k

Oarir = > _(—1) azj(p)aski1-2;(P) = 0. (1.6)
7=0

The incomplete Senatov moments
o [k/2] 4
o = Z(—l)JOQj(SO) - ag—2;(P),

j=1
are included in the Senatov moments with the parameter A (see [11])

97(7;\12 = Aamy2 + 97(;1"322-

The Senatov moments 6;(P,,) of probability distribution P,, of normalized sum
for [ > 3 can be expressed in terms of the moments 03, ...,0; of the probability
distribution P as (see [7, 8, 3])

nl 03 \"* %
gl(Pn):Zjo!j?,!"'jz! (”3/2> <”l/2> ’ (L)

where summation is performed for all sets of integer nonnegative numbers jg, j3,
.., J1 such that

3)s+ ...+l =1, jot+is+...+5=n.

While constructing asymptotic expansions, the Senatov quasi-moments 0;8) (Pn)
are used for s = 1,2,...,1 — 1. To calculate them, we can apply (1.7) for 6,(P,,),

the summand with moments 01(5)(Pn), [ > s, not to be taken into account. That

141



V.N. SOBOLEV AND A.E. CONDRATENKO

quasi-moments were first used by V. V. Senatov and more information about them
can be found in [9, ch. 4, §4].

In the statement of main result below, the Senatov moments will appear as the
sum of its product:

Oui= > Ok, k=4 j=1..m-1 (1.8)
kid-+ke=l

The asymptotic expansions will be considered under the following assumptions:
the distribution P with zero mean and variance one has a finite even moment of
order m + 2, some positive number v > 0 exists so that the function |f (¢)|” is
integrable on the whole real line, e.g.

/ |f()] dt < oo. (1.9)

The convergence of the last integral guarantees the existence of a continuous
density p, (x) of distribution P,, for all n > v. In this case, the inverse Fourier
transform gives density

pn(T) = % ]Oem”f” (\/tﬁ> dt . (1.10)

— 00

In addition, this assumption guarantees that the value
a(T) = max{|f(t)|: t> T}

is strictly less than one for all T > 0.
Applying the function

p(t) = max {| £(8)]; e/}
proposed by V.Yu. Korolev, define the integrals

TR
]. l n—k t
Bl_’n_k = % |t| 12 % dt, (111)
-TVn

for any non-negative [, k,n with n > k.

These integrals turn out to be connected with moments of the standard normal
distribution. So, for any distribution P with the finite fourth moment, the param-
eter T' > 0 can be chosen (see, for example, [11], [9, p. 154]) so that for all [ there
is a limit

lim Bl,nfk = Bl s (1.12)

n——+00

where

00

1 2

Bl — 51(90) - / ‘t|l87t /th
V2r 2w
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It is assumed further that the property (1.12) is valid. The value

An(r) = Lar=e @) |50 an
T

2
[t|>u

1
L (u) / It e /2 dt. (1.13)

will be used through the paper.
In this paper, as in [10], Zolotarev’s ideal metric (5 = (3(P, ®) (see, for example,
[18, 6]) is

sup {‘/O:Ou(x) (P(dz) — @(dx))‘ fue §3} :

where §3 is the class of the bounded real-valued function u(x), —o0o < x < 00,
three times differentiable, and [u® (z)| < 1 [6, p. 101]. For all real t € R the
inequalities

) = e < 1P ¢ (1.14)
and % < (3 are valid. Last inequality can not be improved in the sense that for

any number 0 < ¢ < 1 there is a distribution P with zero mean and unit variance
such % > (3.

The function u (t) is used as estimates for functions f (¢) and ¢ (¢) = e~ 7. In

case k < n for the sum
S, = Z frdim ik g
0<ji+...+jr<n—k
the estimate
|Sk| < CEum. (1.15)

holds. Indeed,
1S5| < T L i S = T W Y o

0<ji+..+jxr<n—k 0<j1+...+jpr<n—k

The last equality is true becouse if k < n then the number of non-negative integer
solutions ji, ..., ji of the inequality 0 < j; + ... + jp <n — k is Ck.
We use (1.14) only in following reasoning. From (1.14) for

b=v()=(B)eT -1 (1.16)
follows the next inequality
[ (@) < 1t Gt (1.17)
and application of (1.15) gives

1St (£)] < CFGa [t L (1.18)
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2. Expansions of the characteristic function of symmetric distributions

The following two expansions of characteristic functions will be used in con-
structing expansions of characteristic functions of convolution distributions. The
first of them is quite standard in line with the article [14], the parameter X is not
included. The second expansion contains the parameter A, and its proof relies on
equality (1.3). It is worth noting that in the proof of the theorem, the expansion
of characteristic functions with parameter A will be used only once.

To estimate the remainder of the expansions of characteristic functions, we need
the following values

[s/2]

1651 = Z |vs—25] @25 () (2.1)

and
165 12]] = Botz + 166l a2 () - (2.2)

Proposition 2.1. Let symmetric probability distribution P has a finite moment
of even order (m+2) > 2. Then for all even 2 < s < m the characteristic
function f(t) of distribution P has the expansions

FW)=e"T> 0c (i) + Ry (1) . (2.3)
k=0
Moreover
Ry s (8)] < (|02 111772 (2.4)

Proof. Let t € R and w = it. It is known that

s+1
=Y +pera(t),  [psra(t)] < Bogat®?
k=0
and
&2 2 2
ez = e_w / = szjw J ;
k=0
where ‘
(=1 j
bey = i = (<1 an(0)
Observe that the product
s+1

2

Yo' = Zb% azakw b pa(t)es

7=0
can be transformed to
s+1 5

0 =S pt e 3 o et

k=s5+2
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Let’s break the third component from the right part of the last equality into two

parts
(s+1)  s+2+k _ (s) 24k _
ng-ﬁ-Q-&-k 3 Zas+2+k * -

s+2 (s) 2k s+3
w Zas+2+2kw tw 295+3+2kw

The symmetring of distribution P for even s leads to #2141 = 0 and 9§23+2k =0
for all natural k € N.
For this reason,

+2

Zﬁkw + ws+2299+2+2kw +psy1 () ez .

m‘“

We can represent Senatov qua&—moments from last formula as follows

[(s+2k+2)/2]
9£1)2+2k = Z Oés+2k+2—2jsz =
§=0; 25 >2k+2
[s/2]4+k+1 [s/2]
= ) aeagor-nby = Y aso2ibagity).
j=k+1 7=0
Then
[s/2]
9§i2+2k‘ < agy, ( Z |ovs— 23‘ Q2j+2 (P (¢) = az () azi () [|0s]]
because
|Da(kr145)| < b2k b2 42l -
Hence

s+1 2k+1
Zes+2+2k S

< as (p) |t Za K () 18177 110,11 =
k=0

2
=72 Pay () |10 -
So the proof is completed. O
Corollary. From (2.3) for (1.16) it follows that

Sl ) e
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Now let us obtain the expression for characteristic function f () with the pa-
rameter A in its expansion folloing the main ideas of [15].

Proposition 2.2. Let symmetric probability distribution P with the characteristic
function f (t) has a finite moment of even order (m +2) > 2. Then

t2
0= (S oy ) -5

A2 [ S 1 (2.6)
where
00 5 = Mmoo + 05, (2.7)
and
o8] = Aams202 (9) + 16l s () - (2.8)

Proof. The generalization of the above mentioned result of the article [11, p. 189]
gives (see more about in [15])
m—+1

= Zakwk + )\am+2wm+2 + Pm+2 ()‘7 t) ) ‘pm+2 ()‘a t)l < XOéerg |t‘
k=0

m+2

As at the initial steps of the proof in the previous proposition, we get

m

t2 t2 t
ez Zbgj JZakw + Angow™ 2T 4 pia (N t)eT =

N

m
2 2k 2 &2
= Z Lw + wmt E 9m+2+2kw + A gow™ e T +
k=0 k=0

m

+omi2 (M) e = Zﬁkw +wm+220m+2+2k Oy

FAU o™ m+2 62 + P2 (A B) 62 *Zﬁkw +wm+429fﬁ4+2kw +

+0£n"22wm+2 + /\am+2wm+26% + Pmt2 (A1) e

Senatov quasi-moments can be represented as

( [(s-+2k+4)/2]
0514+2k Z Qstok+a—2jb2 =
=032 >2k+4
[s/2]+k+2 [s/2]
- Z Qs —9(j—k-2)b2j = Za8—2jb2(k+j+2)-
j=k+2 =0

It is not hard to verify that

|b2(k+2+j)| < |bak| |bal |b21|
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and
[s/2]
0£i4+2k’ S 014 a2k Z |a9 2]‘ 042] )
= ay () ao (w) ||9s|| .
Hense
s - s+4 2k s 2
W) | < aa () |t Za ) 112 1161 = 546t 2 au () 16 -
k:f

Thus, it remains in the asymptotic expansion

Je't = Zﬁkw +wm+429m+4+2k

2 2
+ 00w 4 A 42w ™ 2T 4 praga (A ) €7
2
to consider only the term )\am+2wm+2et7, since the estimate for p,, 2 (A, t)e

follows immediately from the estimate |pm42 (A, )] < Ao |17 .

Write

N‘"N

o0
2
m+2 L m-+2 m-+2 24
Ay 42w €7 = Am4ow + A 42w E bojw™
j=1
where

o0 oo
)\am+2wm+2 E bgjw2j S /\am+2wm+4 E b2j+2w23 S
j=1 j=0

2
< A aw™Ma Zbg W = Aamasas (p) e [t

Then (2.3) follows and the proof is completed.
O

3. Main result: Expansion of characteristic functions of convolutions
of distributions

The following theorem presents the main result about the expansion of the
characteristic function of the convolution of distributions with an explicit estimate
of the remainder. Note, that the last known moment of the initial distribution P
is included in the main part of the expansion. This allows us to obtain the best
explicit estimate of the remainder.

Theorem 3.1. Let f (t) is the characteristic function of symmetric distributions
P with finite moments up to even m + 2 > 4 included. If the condition (1.9) is
fulfilled, then for n > m + 2

" m/2  m—4+4s
fn (\/ﬁ) et /2 et /2205 Z @sl ( ) +

l=4s

147



V.N. SOBOLEV AND A.E. CONDRATENKO

o @2 e A v
+0m+2 (\/ﬁ)m 2 4 ;7‘5 + RO + R%,m s (31)

where

t
[ri| < <)\Oém+2

4
+ 9(7"4-2 A) ‘t| mr 3
m+4 nm/2+1 NG ’
1 ey " Lt
= S o) e ().

)

| |m+4s 2 t
|’I"S| S H@s7m+4372|| 7/-1/”_1 () 5 2 S S S

(" Ave
e ().

So the last theorem can be used to build a new asymptotic expansions [10, 13]
in the CLT with an explicit estimate of the remainder.

m
2

3m—4

e > 10s1kl | =

k=2m

R | <C

Remark 3.2. The estimate of the remainder can be written as
+5
5 %m42 |, m+2 n-1 ! |t|m
A /2 |t] W (\/ﬁ) + 0 (nm/2+1/2 . (3.2)

4. Proof of theorem

We break our proof up into 4 steps.
1. Here we consider the difference f™ (ﬁ) — et/ 2. which can be written as
I (*) g" (f) where g (t) = e~"/2. (Further, the arguments of some
functions will often be suppressed.)

The equality
n—1
a” —b" = (a— b)Za”_j_lbj

=0

for any complex numbers a and b is well known. It follows that

() () rv-

n—1 n—1
=(f=g)d g =g gt = gl (4.1)
71=0 71=0

where v given by the formula (1.16).
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From (2.6) that for m > 4 we have

()£ () () ()

Therefore, the right part of (4.1) is equal to

o it it "t 2 t
Si=> 0 (— 0 S1+51€7 Rmys [ — | =
v <k<ﬁ> +0% (5) ) e R ()
m . k . m—+2
it (\) < it )
= O (| — ) +00, ( — Sy +r,
(;’“(ﬁ> 2 \Vn P
¢ [t
il = [ (F5) | (55)
or more explicitly

i< (3 Itlm+2+H9 m+m” N Lt
T = 42 m—+4 ’I’Lm/2+1 \/ﬁ .

where

Recall that the quantities H@ﬁ:ﬁ:ﬁ ) H are determined in (2.8). Next conversions
n—1 n—2 n—1
S, = anfjlflglerl _ Z (fnfjlfl _ gnfjlfl) gj1+1 + Zgn _
j1=0 j1=0 j1=0
n—1 n—2 n—ji—2
— Zgn + Z (f—9) Z fn—h—]z—2gjz gj1+1 _
J1= Jj1=0 J2=0

n—2 n—j1—2

_Zg +(f - gz Z fnjl J2211+32+1

j1=0 J1=0 j2=0

=ng" + E f"*Q*j1*j2gj1+j2+2 _
0<j1+ja<n—2

=ng" + Sy = Chg" + ¥S;

allow us to write out the equality
+2
S1 = C}Le_T + S, (4.2)

and get the representation

u it \" oy (it \"?
= (S () () ) s
k=4

() ) ) e

149



V.N. SOBOLEV AND A.E. CONDRATENKO

m . k . m+2 m . k
2 it it it
=Cle 2 (E O (\/ﬁ> + 95312 (\/ﬁ> ) + 1Sy E O <\/ﬁ) +Ro+1r1,
k=4 k=4

(4.3)
where
m—+2 +5
\RO|<‘9<A> ‘ R |w52‘<)9<x) ‘ " ez (L) <
—= |Ym+42 \/ﬁ —= |Ym+42 \/ﬁ n \/ﬁ —
<9 g()\)2 |t‘m+5 p ! t
=9 m+ (\/ﬁ)m_"l \/ﬁ :
by (1.18).

2. Obviously, if in (4.3) m = 2 the summand

m . k
(X4
Ry, =1S> Ok ()
BN
will be missing (it will completely enter into Rp). In this case, (4.3) takes the form

t 2 t4 2
" <\/ﬁ> —et /22)\044%6775 /2—|—R0—|—r1, (4.4)

_ 2\ 4 t
< (ot o 5) -5 (55)
el < < @it |% n n ¥ Vn

1 A) ‘t|7 n—1 3
|Ro|§§ﬁ3‘94 "W'H )
It coincides with the statement of the teorem when m = 2. The expression (4.4)
was obtained in [11, p. 191] with a slightly different estimate of the remainder.

3. For m = 4 the rate of decrease of the estimate for the remainder equal to
and the relation (4.3) turns into

5 . 4 . 6 . 4
=gt =Cle T (94 (\%) + o (\%) >+¢5204 (f/tﬁ) +Ro+71, (4.5)

where . .
SV 6Nt o1t
“ﬂﬁo%m*H% Hm)“ i)

where

1
n2o

The second sum from the right side (4.5)

it \*
. S.0, [ ==
o ()
by the inequality (1.18) can be estimated as

. 4 3 4 7
s (12 s M L < Gl
n

‘|n—1
=T gz H

< CTZL<3 |,U,| n3/2 =

N
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The rate of convergence of the last estimate is ﬁ and not n% We found a

lower convergence rate in the estimate than it is needed. Therefore, we split this
summand into two parts using the representation (2.5). Thus,

m . k
it
R;Z)A = ¢S229k (ﬁ) =
k1 m+4—ky ko 5
- 5229’@1 () ( Z Ok, () +et2Rf,m+4k1> =
v o Vi

ki—d
m m44—k, k1+k2
—5Y Y oo ()
ki—4 ko—4
1 2 t
T Zokl <n> T Rimya—t <\/ﬁ> Sy =
k1—4
Z it k1+ko
=55 0%, Ok, () + 72,
8<ki+ka<m+4 \/ﬁ

where ki, ko > 4.
It follows from (1.15) and (2.4) that

Fa tN| Lt
Rf,m+4—k1 ﬁ H 7” <

m+6 k1 . t
o e (42) -

m

ral S G2 1w

ki1=4

1 m
izz 00— n

m m+6 t
9 Z ‘9k1| |‘9m+6 k1” m+2 - (ﬁ) =

k1_4

_”@ ” |t|m+6 n—1 i
— 2,m+6 (\/ﬁ)erQ/u’ \/ﬁ )

where

1O, mtsll = Z 1O || 66— || -

k1_4

Applying the equality

m m+4—ky k1+k2
(3
NS I k
= Z 9k19k2 (\/ﬁ) Z@2k< ) )

8<ki+ka<m+4
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2 (& it it "
et (B () ()"
f g <kz_4k \/ﬁ +2 \/’ﬁ

m+4

k
+SQZ@2k( ) +Ro+r14rs. (4.6)

we get that

The reasoning that leads to (4.2) allows us to write the equality
Sy =C2%g" 4+ - S3.

The last formula allows to divide the summand containing S on the right part of
(4.6) into two parts

m-+4 m-+4 m-+4 it
52292k< ) 029n262k< n) +- SSZ®2I¢<\F> =
m+4 k
:ngnz@gk( > +R§J’m

Thus, (4.6) can be represented in the form

2 (& it it \""?
poa et (S () o () )
,;4 Vn e Vn

m—+4 k
02 _Z®2k< n) +R0+7”1+7”2+R13[)7m. (47)

From the inequality (1.18) for ¢ - S5 it follows that

+4 k
i ‘t|3 m

w2 10

< Codslpl

m+4 k
RY| = |w 5130 (%)

and, putting m = 4, we have

P - 53028 (f/%)

Thus we get the estimate for the convergence rate of order # and it is better

C3\928| " ™!

P
‘RS’ - 3! n5/2

than # Clearly order of this estimate is the same for any m > 4.
So, at this step we have obtained the following asymptotic expansion

fr=eF 4 Clem (Zek( ) +05), <\%>m+2> +

m+4 k
+C2%e Z@Qk( ) +Ro+7 +7o+ Ry =
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2 0 it m-+2 m-+4s—4 k
_ iz 1 s
=e 2+09m+2<\/ﬁ> E cs E @Sk( ) +

s=1 k=4s

+Ro+71r1+712+ R;ﬁ’m (48)

with the order of approximation # for m > 4.
In the case m = 4, the expansion (4.8) takes the form

. 6
free T 4l (ﬁ(\}%) + 050 (\Z/%) >+

. 8
it t2
+C72102 (\/ﬁ> 677 + RO + 7'1 + T'Q + R’ébA 5 (49)

st G| BN a1t
V”SO%M+W8HW3M NIR

where

ral < 10ll L 10 =2 (2
2l < 192,101l 73 Jn)

" (310255] 1 —
‘R ‘< 31 nd/2 | '

The estimate of this asymptotic expansion has only one term of maximum order:

- 5t
™ (7).
while other’s has higher order as n grows.

Hence we have verified the validity of the desired representation (3.1) for m = 4.
The expression (4.9) (as well as (4.4)) was obtained in [11, p. 196].

The asymptotic expansion obtained below is given for the first time. To get
it split R;ﬁm into two parts. The remaining main part of asymptotic expansion
remains unchanged.

4. To complete the proof use induction. It can be seen that it is enough to conduct
an induction for RY,,
We will divide

m+4(s—2) it
m=0-8 Y. O lk(f) : (4.10)
k=4(s—1)

into two parts using (2.5). So,
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m+4(s—2) it m-+4s—4—k it ks 5
=5, O, O, ( — T Rpmads—ai | =
Z 1k<\/»> ( Z k(\/ﬁ> ter R myas—a k)

k=4(s—1) ks=4

m+4(s—2)m+4s—4—k k+k,
=S5 Os_ 1,10k, ( ) +

k=4(s—1) ks=4

m+4(s—2) it

+62 S Z C_')s 1,k (\/>> Rf,m+4sf4fk -
k=4(s—1)

m-+4s—4 l

=S > @51< )—l—rs.
l=4s
Note briefly that we used (1.8) and the equality
m+4(s—2)m+4s—4—k m+4s—4
> Z Ou1hblh, = Y O

k=4(s—1)  ks= I=4s

Applying (1.15) and (2.4), we have that

m—+4(s—2) " k ¢ "
I <Co > 1Osc1kl |[—=| |Rpmias—ak () ‘ prt () <
k=4(s—1) \/77, \/77, "
§m+4

|t|m+4s 2—k L t
[ A ™ () =

>~ S'Z|®s lk|

1 m+4(s—2) ‘t|m+4872 .
-3 R e & I
| Z 19518 [Omtas—2-r m+25—2 =

5 h=1(s—1) (vn) n

|t|m+4s 2 ¢
—1
S ||®s,m+4s—2|| (\/ﬁ)mm'un <\/’ﬁ> ,

where
1 m+4(s—2)
H@s7m+4872|| = ; Z |®8*17k| H99n+4s—2—kH :
" k=4(s—1)
Inserting
Ss=Crg" +¢ - Ssi1
into

m-+4s—4 l
S Z G)sl( >+rs

l=4s
in light (4.10), we get
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m-+4s—4

. l
it
R’;P,m = (Oflgn —+ ’l)[} . Ss—&-l) Z @s,l <\/ﬁ> +rs =
l=4s
m-+4s—4 it 1
=Crg" Y Ou () +ra+RY
l=4s \/ﬁ

This completes the inductive step. It can be seen that the first summand in the
right-hand side of the last inequality forms expansions of characteristic functions
of convolution of distributions, the second summand is contained in the estimate
of the remainder term of the expansion, and the induction step can be applied to
the third summand again.

Then from (1.18) it follows that

ma(2422)

Z |@s—1,k|

k=4(mF2-1)

ot

vn

Riga | < [0 Sa

Im—4

m+2
< Cp? C3 Z |@s—1,k|

k=2m

k+3
n—1

t
—| u

Vn
The last quantity has order n~ . Therefore, to form the main part of

our expansion, it is enough to perform summation up s to % + 1. The theorem is
proved.

m/2—1/2
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