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Abstract. This study aims to investigate 3D flow of a nanofluid created by

an exponentially expanding sheet in presence of a heat source and a chemi-

cal radiation source, using principles of magnetohydrodynamics (MHD). The
analysis utilizes Casson fluid model and considers the impact of a porous

matrix on the behavior of Casson nanofluid. Additionally, study finds con-

vective conditions on surface and effects of thermophoresis and Brownian
motion. Nonlinear PDE governing heat, mass, and flow are transformed into

interconnected nonlinear ordinary differential equations using similarity pa-

rameters. These equations are then solved using Runge-Kutta fourth-order
integration scheme and the shooting method. The study also presents impact

of various parameters through graphs and tables. Taking Casson fluids and

Newtonian fluids allows for establishment of dual solutions. The acquired
results and the outcomes from the past are compared, and the connection be-

tween the two sets of results demonstrates that there is a strong correlation
between them.

1. Introduction

Convective flows involve the movement of fluids due to temperature or con-
centration differences, transferring heat or mass. Research has explored prac-
tical applications in industrial and natural settings, such as geothermal energy
extraction, groundwater movement, oil recovery, insulation design, and pollutant
dispersion. One study by Mebarek-Oudina F et al. [18] explores thermal behav-
ior of MgO-Al2O3/water hybrid nanofluids within porous elliptical cavity under
magnetic fields, utilizing COMSOL for analysis under the Darcy-Forchheimer-
Brinkman model. It highlights the impact on heat transfer efficiency and entropy,
contributing significantly to optimizing thermal systems and sustainable energy
technologies. Another study by Khan SA et al. [10] explores heat transport in
mixed convection Reiner-Rivlin liquid flow around stretching cylinder using the
Optimal Homotopy Analysis Technique (OHAM) to observe the impact of dif-
ferent parameters. Ali B et al. [1] studied the mixed convective flow of hybrid
nanofluid over heated disk and explored enhancement of heat transmission using
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mixed nanofluids in porous medium. Heat and mass transfer studies how ther-
mal energy and mass move between different mediums due to temperature and
concentration differences. It includes conduction, convection, radiation, and diffu-
sion processes and is crucial in engineering and scientific applications. Li S et al.
[13, 15] researched hybrid nanofluids’ heat and mass transfer properties in mag-
netic fields. Their findings indicated that engine oil is superior for heat transfer,
whereas water-based nanofluids excel in mass transfer applications. Further inves-
tigations compared heat and mass transfer profiles and rates of MgO-Al2O3/water
nanofluids with those of hybrid and MgO-Al2O3/water nanofluids. Galal AM et al.
[7] studied heat and mass transfer in MHD nano liquid flow, incorporating thermal
radiation, chemical reactions in nanofluids, velocity profiles, and numerical results.

Nanofluid is an advanced engineered fluid formulated through the dispersion of
nano-sized particles (1-100 nanometres), including metals, non-metals, and their
oxides, into a conventional or base fluid. This innovative approach markedly im-
proves the fluid’s thermal conductivity and heat transfer capability. Nanofluids
have many applications in industrial cooling and heating, the automotive indus-
try, electronics, biomedical applications, and energy-related fields. Li S et al.
[14] utilized self-similarity transformation to investigate heat transfer in Maxwell
nanofluid flow over porous rotating disk. They studied how different factors af-
fected the fluid’s heat transfer efficiency, providing valuable insights for transporta-
tion, architectural design, oil recovery, and medical applications. Bouzennada T
et al. [4] studied nanofluid heat transfer in microchannels with flexible baffles
to examine the impact of baffle shape on cooling performance and heat transfer.
Kodi R et al. [11] studied mixed convection flow of Maxwell nanofluid through
a vertical cone and found reduced velocity with increased Maxwell and magnetic
parameters.

A porous sheet is a material with tiny pores that allow fluid to pass through. In
theoretical research, Darcy’s law explains flow rate through porous materials, with
porosity and permeability impacting flow behavior. Marnica V et al. [17] focused
on second-grade non-Newtonian fluids and used the Optimal Homotopy Asymp-
totic Method (OHAM) to analyze heat transfer and flow phenomena involving
viscoelastic parameters, thermal radiation, and convective boundary conditions.
In a study by Mahesh R et al. [16], the impact of radiation on MHD couple stress
hybrid nanofluid flow was explored, and analytical solutions were derived using hy-
pergeometric functions. Vishalakshi AB et al. [22] investigated MHD Casson fluid
flow with porous medium using nanofluid, and their findings concluded variations
in velocity, temperature, and heat flux.

MHD deals with dynamics of electrically conducting fluids and interaction of
magnetic fields with movement of such fluids, resulting in generation of currents
and exertion of forces on fluid, as well as changes to magnetic field. The MHD
equations combine Navier–Stokes equations of fluid dynamics and Maxwell’s equa-
tions of electromagnetism. Islam MR et al. [8] studied MHD Casson fluid flow
with Brownian and thermophoresis effects, analyzing the impact of the thermal
convective parameter on skin friction and the Casson term, as well as chemical
processes and applications in various fields. Khan KA et al. [9] examined the
behavior of a time-varying MHD Williamson nanofluid flowing over a stretched
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plate, explicitly focusing on heat and mass transport properties and the influence
of external factors on heat and mass transfer characteristics. Sadighi S et al. [20]
conducted a study on MHD nanofluid flow, considering various influencing fac-
tors, and provided exact solutions for energy and mass transfer equations using
CoFe2O4/H2O nanofluid, with a focus on thermal radiation and chemical reaction.

Thermal radiation, emission of electromagnetic waves from an object’s surface
due to its temperature, is a significant factor in heat transfer within fluid dynam-
ics. Chemical reactions within this context involve the transformation of chemical
species, influencing dynamics and properties of the system. Extensive studies have
investigated consequence of thermal radiation and chemical reactions on fluid flow
dynamics. Bhavya Tripathi et al. [3] found that both flow rate and flow impedance
decrease as the values of the radiation parameter increase in their study of two-
phase blood flow through a stenosed artery. Mansi Mishra et al. [19] predicted
that the temperature profile decreases with rising radiation factor, while the in-
duced magnetic field exhibits the opposite pattern in their investigation of MHD
flow through a permeable medium. Cédric Gervais Njingang Ketchat et al. [5]
analyzed the instability of MHD mixed convection flow of nanofluid in a porous
channel, observing that the increase in the chemical reaction parameter decreased
the values of transition Reynolds number, showing that chemical reaction sustained
the instabilities. Muhammad Shoaib Anwar et al.[2] discussed the impact of gener-
alized viscoelastic flow with thermal radiations and chemical reactions, noting that
velocity, temperature, and concentration change with the variation of fractional
order derivatives which was not possible with classical derivatives. Additionally,
M. Vinodkumar Reddy et al. [21] studied the effects of heat source and Joule
heating on convective MHD stagnation point flow of Casson nanofluid through
a porous medium with chemical reaction, while Lavanya B et al. [12] explored
entropy generation minimization in the Carreau nanofluid flow over a convectively
heated inclined plate with quadratic thermal radiation and chemical reaction: A
Stefan blowing... This paper investigates three-dimensional steady incompressible
mixed-heat-flow (MHD) of Casson nanofluid over an exponentially stretched sheet
with convective boundary conditions, considering radiation and heat effects. The
study considers Brownian motion and thermophoresis effects in flow region and
solves nonlinear ordinary differential equations using Runge Kutta method and
shooting approach. Additionally, a detailed comparison between Newtonian and
non-Newtonian fluids is provided, along with information on how their behaviours
can be represented through graphs.

2. Mathematical formulation

This study examines steady, incompressible, three-dimensional flow of a Casson
nanofluid in a porous medium over an exponentially stretched surface. The flow
is affected by convective boundary conditions, radiation, chemical reactions, and
heat sources. The fluid is electrically conducting under a uniform magnetic field
B0 applied along z-direction. Due to low Reynolds number, induced magnetic
field is disregarded. Furthermore, study considers effects of thermophoresis and
Brownian motion.Physical depiction of the flow problem is illustrated in Figure 1.
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Figure 1. Physical Models.

For an isotropic and incompressible flow, Casson fluid’s behavior is described
by specific rheological equation of state.

τij =

 2
(
µB +

py√
2π

)
eij if π > πe

2
(
µB +

py√
2πe

)
eij if πe > π

where µB is plastic dynamic viscosity of non-Newtonian fluid, py is yield stress of
fluid, pi is product of component of deformation rate with itself, π = eijeij , eij
is (i, j)th component of deformation rate and πc is critical value of this product,
based on non-Newtonian model. Under these assumptions, equations governing
flow can be written as

The dynamic viscosity of non-Newtonian fluid is denoted by µB , yield stress
of fluid is denoted by py, product of component of deformation rate with itself
is represented by π = eijeij , the i-th component of the deformation rate, πc is
component of deformation rate and is a critical value of this product, based on
non-Newtonian model. Based on these assumptions, we can express equations that
govern the flow as follows:

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0 (1)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= vf

(
1 +

1

β

)
∂2u

∂z2
− σB2

0u

σf
− vfu

K∗ (2)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= vf

(
1 +

1

β

)
∂2v

∂z2
− σB2

0v

σf
− vfv

K∗ (3)

100



u
∂T

∂x
+v

∂T

∂y
+w

∂T

∂z
= αf

∂2T

∂z2
+τ

[
DB

∂C

∂z

∂T

∂z
+

DT

T∞

(
∂T

∂z

)2
]
− 1

(ρC)f

(
∂qr
∂z

)
+

Q0

(ρC)f
(T−T∞)

(4)

u
∂C

∂x
+ v

∂C

∂y
+ w

∂C

∂z
= DB

∂2C

∂z2
+

DT

T∞

∂2T

∂z2
−Kr(Cw − C∞) (5)

The boundary conditions are as follows:

u = Uw = U0e
( x+y

L ), v = vw = v0e
( x+y

L ), w = −kf

(
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)
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(6)
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On inducing similarity transformations
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Here, continuity equation is satisfied by u, v and w. Equations (2) to (6) become(
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The following are respective boundary conditions

f(0) = 0, g(0) = 0, f ′(0) = 1, g′(0) = δ,

θ′(0) = −Bi(1− θ(0)), ϕ(0) = 1,

f ′(∞) → 0, g′(∞) → 0, θ(∞) → 0, ϕ(∞) → 0
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Cfx and Cfy are dimensionless skin-friction coefficients in the directions of x and

y, respectively. Shx denotes the local Sherwood Number, and Nux represents the
local Nusselt Number.
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is local Reynold’s number.

3. Numerical process

To solve transformed Equations (8)– (11) with boundary conditions (12) as
IVP:

i. Initial guess values of f ′′(0), g′(0), θ′(0) and ϕ′(0) are selected.
ii. Next step is to apply Runge-Kutta-Fehlberg method to obtain required

solution.
iii. f ′(η), g(η), θ(η) and ϕ(η) determined values at η = η∞(η∞ refers sufficient

large value of η), compared with boundary conditions.
f ′(∞) → 0, g′(∞) → 0, θ(∞) → 0, ϕ(∞) → 0.

iv. for f ′′(0), g′(0), θ′(0) and ϕ′(0) missing values, shooting method is uti-
lized.

v. We have fixed K,M, δ,R, Pr,Bi1, Sc, and γ.
vi. With help of MATHEMATICA 11.0 software for various ∆η size values,

velocity, temperature, skin friction coefficient, and local Nusselt number
changed negligibly for value of ∆η > 0.01 . Consequently, step-size ∆η =
0.001 has been determined by the authors

Figure 2. Flow chart representation of numerical method
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4. Results and Discussion

Here we present few findings that shed light on the issue. Here are some findings
that provide insight into the issue. All values, except for the updated numbers
presented in tables and graphs, are considered for these calculations throughout
the investigation. The outcomes are derived for Casson and Newtonian fluids.

Due to fact that Lorentz force exerts its resistance on motion of fluid, axial
and transverse velocities of fluid are slowed down with utilisation of Hartmann
parameter M. The figures 3 and 4 illustrate this point. The velocities in both
directions are shown to decrease when porosity parameter K increases, as seen in
Figures 5 and 6. It is because of the Darcy resistance that porous medium offers
that this is case. A visual representation of effect that ratio parameter has on
both velocities can be found in Figures 7 and 8. The amplification in indicates
a significant stretching rate in x-direction, and as a result, velocity in y-direction
increases, while velocity in x-direction decreases in proportional manner. Rise
in Prandtl number Pr is equivalent to decrease in temperature field value. As a
result of fact that a Prandtl number that is physically bigger has a weaker thermal
diffusivity, temperature that is seen in Figure 9 is lower. Observations indicate
that an increase in radiation parameter R can strengthen thermal boundary layer,
leading to gradual rise in fluid temperature, as shown in figure 10. In Figure 11,
it is shown that increasing Biot number, Bi, causes temperature rise. When Biot
number increases, it leads to higher heat transfer coefficient, transferring more
thermal energy to fluid, thus increasing temperature. A heat source parameter, Q
in fluid releases thermal energy, raising temperature accordingly. Figure 12 depicts
this effect. The impact of Brownian motion, Nb, and thermophoresis parameters,
Nt, on temperature field, is demonstrated in Figures 13 and 14, respectively. These
characteristics result from the presence of nanoparticles, which enhance thermal
conductivity of the fluid, leading to a temperature increase with increasing values
of parametersNb andNt. A comparison with the Casson fluid shows that influence
of these parameters is significantly more significant in Newtonian fluid.

The effects of Brownian motion and thermophoresis parameters on concentra-
tion field can be observed in Figures 15 and 16, respectively. An increase in values
of parameters demonstrates higher thermophoretic force, causing nanoparticles to
move from hot sheet into quiescent fluid, resulting in an increase in nanoparti-
cle volume fraction boundary layer, thus improving focus. However, an increase
in Brownian motion parameter has shown opposite phenomenon in concentration
profiles.

The impact of Schmidt number (Sc) and chemical reaction parameter γ on con-
centration patterns is illustrated in Figures 17 and 18, showing that concentration
decreases as values of Sc increases, due to weakening of the Brownian coefficient.
In Figures 19 and 20, it is evident that skin friction coefficients decrease as mag-
netic parameter (M) and porous parameter (K) increase. This trend is quite
noticeable. Furthermore, it is noticed from Fig. 21 that both Biot number and
radiation parameter (R) contribute to increase in local Nusselt number. Addi-
tionally, increase in Schmidt number leads to rise in Sherwood number, whereas
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increase in thermophoresis parameter results in decrease in Shx, as illustrated in
Fig.22.

Figure 3. Effect of
M on f ′(ξ)

Figure 4. Effect of
M on g′(ξ)

Figure 5. Influence
of K on f ′(ξ)

Figure 6. Influence
of K on g′(ξ)

Figure 7. Influence
of δ on f ′(ξ)

Figure 8. Influence
of δ on g′(ξ)
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Figure 9. Effect of
Pr on θ′(ξ)

Figure 10. Effect of
R on θ′(ξ)

Figure 11. Effect of
Bi on θ′(ξ)

Figure 12. Effect of
Q on θ′(ξ)

Figure 13. Effect of
Nb on θ′(ξ)

Figure 14. Effect of
Nt on θ′(ξ)
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Figure 15. Effect of
Nb on ϕ′(ξ)

Figure 16. Effect of
Nt on ϕ′(ξ)

Figure 17. Influence
of Sc on ϕ′(ξ)

Figure 18. Effect of
γ on ϕ′(ξ)

Figure 19. Influence
of M and K on Cfx

Figure 20. Effect of
M and K on Cfy
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Figure 21. Influence
of Bi and R on Nux

Figure 22. Effect of
Nt and Sc on Shx

To validate the current analysis, we compared results of −f ′′(0) and −g′′(0)
with those of Chung Liu et al.[6] for limiting case M = K = 0.0 and β → ∞

∆ Chung Liu et al.[6] Present values
−f ′′(0) −g′′(0) −f ′′(0) −g′′(0)

0.0 1.28180856 0 1.2818267 0
0.5 1.56988846 0.78494423 1.569888 0.784948
1.0 1.81275105 1.81275105 1.812757 1.812759

5. Conclusions

A thorough investigation into three-dimensional steady incompressible mixed-
heat-flow (MHD) of Casson nanofluid across exponentially stretched sheet with
convective boundary conditions, subjected to radiation and heat, is carried out in
this work. The flow region considers Brownian motion and thermophoresis effects.
When solving nonlinear ODEs, RK method and firing approach are employed.
Main conclusions drawn from study are as follows:

• As values of increases, there is decrease in axial velocity, whereas transverse
velocity shows the opposite tendency.

• When contrasted with Casson fluid, Newtonian fluid exhibits a far higher
impact of Nb and Nt.

• Concentration field is expected to be slowed down by the Schmidt number.
• The temperature field of Newtonian fluid is more affected by an increase
in radiation parameter than that of Casson fluid.
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Nomenclature

u, v, w Components of velocity along x and y direction
M Hartmann Number
vf Kinematic viscosity
Q0 Heat source coefficient
B0 Uniform magnetic field strength
δ Ratio parameter
σ Base fluid’s electrical conductivity
Pr Prandtl number
ρf Density of fluid
Nb Brownian motion parameter
K∗ Permeable parameter
Nt Thermophoresis parameter
αf Diffusivity parameter
R Radiation parameter
τ Ratio between nanoparticle material’s effective heat capacity and fluid’s heat capacity
K Non-dimensional porous parameter
T Temperature
Q Parameter of heat source
C Nanoparticle concentration
Sc Schmidt number
qr Radiative heat flux
Re Local Reynold’s number
Tf Temperature of convective fluid below sheet
Bi Biot number
Cw Concentration of nanoparticle at surface of sheet
µf Dynamic viscosity of fluid
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T∞ Ambient fluid’s temperature
qw Wall heat flux
C∞ Ambient nanoparticle concentration
qm Wall mass flux
β Casson fluid particle
τwx, τwy Shear stress along direction of x and y
DB Brownian diffusion coefficient
f ′(·), g′(·) Velocity profiles
Uw, Vw Stretching velocities
ϕ Concentration profiles
U0, V0 Reference velocities
Cfx, Cfy Skin-friction coefficients along x and y directions
hf Convective heat transfer coefficients of fluid
Nux Local Nusselt number
kf Fluid’s thermal conductivity
Shx Sherwood number
L Reference length
k∗ Mean absorption coefficient
σ∗ Stefan-Boltzmann constant
γ Chemical reaction parameter
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