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INVERSE BLOCK DOMINATION AND RELATED
PARAMETERS IN GRAPHS

SUREKHA RAVISHANKAR BHAT, R. S. BHAT, AND SMITHA GANESH BHAT*

ABSTRACT. The concept of inverse domination was introduced by V.R. Kulli
and S.C. Sigarakanti. Given a graph G, let D represent a y-set of G. A domi-
nating set D1 C V — D is termed an inverse dominating set of G with respect
to D. The inverse domination number, denoted by v/ (G), is the cardinality of
the smallest inverse dominating set. Although inverse domination has been
widely explored, the literature provides relatively few bounds on this parame-
ter. Several bounds have been established in terms of graph parameters such
as order, size, maximum degree, and domatic number. Additionally, various
inverse block domination parameters have been introduced, with initial stud-
ies examining their properties. In this paper, we derive an upper bound for
the inverse domination number of a graph in terms of its domatic number.
Furthermore, a lower bound is provided in terms of the graph’s order and
size.

1. Introduction

For any undefined terminology, we refer to the works of Harary [4] and West
[11]. A graph, in this context, refers to a connected, finite, simple graph with p
vertices and ¢ edges. A vertex v € V is called a cut-vertex of a graph G if the
removal of v, denoted G — v, results in a disconnected graph. An edge is referred to
as a bridge or cut-edge if its removal disconnects the graph. A graph G is separable
if it contains at least one cut-vertex, otherwise it is called nonseparable. A maximal
nonseparable subgraph of G is termed a block of G. Let B(G) and C(G) denote
the set of all blocks and cut-vertices of G repectively. Consider |V(G)| = p called
the order and |E(G)| = ¢ called the size of the graph. While |B(G)| = m and
|C(G)| = n. If a block b € B(G) contains a cut-vertex ¢ € C(G) then we say that
b and ¢ incident to each other. Two blocks in G are adjacent if there is a common
cut-vertex incident on them. On the other hand two cut-vertices are adjacent if
there is a common block incident on them. A block — graph Bg(G) is a graph with
vertex set B(G) and any two blocks by and by are adjacent in Bg(G) if and only if
there is a common cut-vertex incident on by and by. A cut —vertex — graph Ce(G)
is a graph with vertex set C(G) and any two cut-vertices ¢; and ¢y are adjacent in
C¢(G) if and only if there is a common block incident on ¢; and co. It is observed
that Bg(Ba(G)) = Co(G). Further a block cut vertex graph BC(G) is a tree
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with vertex set B(G) UC(G) and a cut-vertex ¢ € C'(G) and a block b € B(G) are
adjacent in BC(G) if and only if ¢ is incident with the block b. A block vertex
tree by(G) is a tree with vertex set B(G) U V(G) and a vertex v € V(G) and a
block b € B(G) are adjacent in b,(G) if and only if v is incident on the block b. A
block b is a pendant block if it is incident with only one cut-vertex, otherwise b is
a non-pendant block.

The study of mixed domination was initiated by E. Sampathkumar and S. S.
Kamath [8]. For any graph G, the vertices and edges are called its elements.
Let G = (V,X) be a graph. For a vertex v and an edge x, v m-dominates x if
x € (N[v]) and & m — dominates v if v € N[z]. A set S C V is a vertex — edge
dominating set (VED — set) if every edge in G is m-dominated by a vertex in
S. A set F C X is an edge — vertex dominating set (EV D — set) if every vertex
in G is m-dominated by an edge in F. The vertex — edge domination number
Ywe = Ywe(G) and edge — vertex domination number e, = Yeu(G) of a graph G
are respectively the cardinality of a minimum VED-set and EVD-set of G. The
minimal number of cliques that cover all the vertices of a graph is well known in
graph theory as partition number (G) introduced by Berge [1]. It was also called
as vertex clique covering number by Choudam et al [2]. They studied its edge
analogue, edge clique covering number 6;(G) defined as the minimum number of
cliques that cover all the edges of a graph G.

A vertex v € V block dominates(b-dominates) a block b € B(G) if v is incident
on b. A set D CV is said to be a vertex block dominating set (VBD) if every
block in G is b-dominated by some vertex in D. The vertex block domination
number v, = Yup(G) is the cardinality of a minimum vertex block dominating
set of G. Similarly a set F' C B(G) is said to be a block vertex dominating set
(BVD) if every vertex in G is b-dominated by some block in F. The block vertex
domination number Yp, = Y, (G) is the cardinality of a minimum block vertex
dominating set of G. Two blocks by,by € B(G) are said to bb — dominate each
other if there is a common cutvertex incident with b; and ba. A set L C B(G)is
said to be a bb-dominating set(BBD-set) if every block in G is bb-dominated by
some block in L. The bb-domination number vp, = pb(G) is the cardinality of a
minimum BBD set of G. Two blocks are said to be bb-independent if they have
no vertex in common. A set L C B(G) is said to be bb-independent set(BBI-set)
if no two blocks in L have a vertex in common. The bb-independence number
Bey = Bep(G) is the maximum number of blocks in a BBI set of G.

1.1. Block path, Block star and Block complete graphs. A B-path is a
sequence of blocks and cutvertices say, by, co, b, ¢4, bs, ...... ybm_2,Cm_1, by begin-
ning and ending with blocks in which each cutvertex ¢; is distinct and incident
with the blocks b;_1,b;41. The length of a B-path is the number of cutvertices in
it. Any B-path with m blocks is denoted as BP,, and has m — 1 cutvertices. Note
that we cannot define a B-cycle for, if the starting and ending blocks of a B-path
are same then the entire graph will reduce to a single block. A graph G with m
blocks is B-complete graph B, if any two blocks of G are adjacent. A graph G is
a B-star denoted by B, m,,...,m,, if there exists a block b with k cutvertices and
ith cutvertex is incident with m; 4+ 1 blocks, m; € N,1 < i < k. A graph G is
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a block-tree (B-tree) if there exists a unique B-path between any two blocks of a
graph. Since block-cutvertex graph of any graph is a tree we observe that every
connected graph G with m blocks and n cutvertices is a B- tree. The edges of a
B-tree are the blocks of G with multiple (two or more) vertices. A single block is
a B-tree with no cutvertex. Thus a B-Tree is a generalized version of a tree with
vertices of a B-tree as cutvertices of G and edges as the blocks of G. Vareities of
B-trees such as B-path with 5 blocks BPs, B-complete graph Bs, B-star By 21,31
are shown in Figure 1 Removal of a block b from G is equivalent to removing all

B-path B
5 B-complete Graph  Bg

B-star B 121,31

FIGURE 1. Varieties of Block Trees

the noncutvertices and edges incident on the block b. Note that a path P; is a
unique graph with 5 vertices. But the block BPs is not unique in the sense that
in the example above the block c5 can be replaced by any other block and we still
call it as BP5. Infact, BPs reperesents a class of B-paths with 5 blocks. Similarly
B-complete and B-stars are not unique.

By a Hypergraph H as defined by Berge [3] we mean an ordered pair, (X, ¢)
where X is a nonempty finite set whose elements are called vertices of H and ¢ is
a set of subsets of X called edges of H . Thus a graph is a hypergraph H = (X, ¢)
with |E| = 2 for every E € ¢. On the otherhand a graph itself is a hypergraph
which can be visualized by viewing the edges as the blocks of G. Hence if we
consider G = (X, ¢) with |b] = n for every b € ¢ where b is any block of G, then
G behaves like a hypergraph (in the sense of Berge).

2. Inverse Block Domination in Graphs

Definition 2.1. Let S be a minimum VBD set of G. A VBD set Sy CV — S
is called an inverse vertex block dominating set of G. The inverse domination
number ’y;bl = 'y;bl (G) is the cardinality of a minimum inverse VBD set of G.

Example 2.1.

Note that ,,'(G) need not exists for every graph. If G' admits an inverse VBD
set, then G is called VB invertible graph. For example any double star, shown
in Figure 2 does not have an inverse dominating set. The corona K3 o Kj is
VB invertible as it admits an inverse VBD set. Infact any two pendent vertices
together with a non adjacent nonpendant vertex forms a minimum inverse VBD
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FIGURE 2

set. For the graph G, in Figure 2, v,,(G) = 5 and ~v,,'(G) = 6. Therefore G is
VB invertible. Any path P, is VB Invertible.

Proposition 2.2. A graph G is VB invertible if and only if there exists a minimum
VBD set S such that S is VB independent.

Proof. Suppose G is VB invertible. Then there exists a inverse VBD set S of G
with respect to the minimum VBD set S.

Claim: S is VB independent. For, if S is not VB independent , then (S) has
atleast one block of G. But then this block is not VB dominated by any vertices in
S1, a contradiction to the statement that S7 is a VBD set of G. Hence our claim.

Conversely, suppose S be a VBD set of G which is VB independent. Then V — 5
has at least one vertex from each block and hence V' — S is an inverse VBD set of
G. Thus G is VB Invertible.

If G is a graph such that every block has atleast one noncutvertex, then the
set of all noncut-vertices forms an inverse VBD set of G and therefore G is VB-
invertible. (I

3. Inverse VB Independent number

Definition 3.1. et D be a maximum VB independent set of G. Then a VB
independent set D1 C V — D is called an inverse VB independent set of G
with respect to D. The inverse V B independent number B;bl = ﬁ&]l(G) is the
cardinality of a mazximum inverse VB independent set of G.

Note that ﬁv_bl (G) exists for every graph. Infact , inverse VB independent set
of G is the maximum VB independent set of (V' — D) where D is a maximum VB
independent set of G.

Proposition 3.2. For any block path BP,, with m blocks,

m+1w

-1
BP,,) =
’Y’Ub ( ) ’V 2
m

B (BPn) = | 5|

2
Proof. Let BP,, be a path with m blocks. Then the m — 1 cut-vertices are labeled
as 1,2,3,...,m—1. Let a be any noncutvertx in the first block and b be any non-

cutvertx in the last block of the path BP,,. For even m, let D = {1,3,5,...,m—1}
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is a minimum VBD set of G. Then {a,2,4,...,m — 2,b} is a minimum in-
verse VBD set of G of cardinality [m;—l . On the other hand for odd m, Let
D =1{1,3,5,...,m—2,b} is a minimum VBD set of G. Then {a,2,4,...,m—1}is
a minimum inverse VBD set of G of cardinality [m;—ﬂ . Hence the result follows

in the first case. The second result follows from the fact that, for any block path
BP,,, the maximum inverse VB independent set is the set D; = {1,3,5,...,m—1}

or Dy ={1,3,5,...,m—2,b} according as m is even or odd of cardinality {%J . g

Proposition 3.3. For any graph G, the following inequality chain holds.
B (G) < 7up(G) < 71 (G) < Bu(@)

Proof. Since any maximum inverse VB independent set is the subset of a minimum
VBD set we have 3,,'(G) < 7,,(G) and as any inverse VBD set is a subset of
maximum VB independent set we have v, (G) < B,,(G). Finally, as every inverse
VBD set is also a VBD set we have v,,(G) < 7.,/ (G). O

Proposition 3.4. For any VB invertible graph G,

Ayp — M
1 < PRwvb
Vb (G) —= Avb

Proof. We first recall that Am < b (G). Further if S is a minimum VBD set of
b

a VB invertible graph G, then V — § is an inverse VBD set of G.
m pAyy —m

Therefore .,/ (G) < [V = S| <p —7u(G) <p— O
v Avb A'ub
Proposition 3.5. For any VB invertible graph G with m blocks, 7&1 <m.
Proof. Let v; be a noncutvertx in the block b; for 1 < 4 < m. Then S =
{v1,v2,..., v} is an inverse block dominating set of G. Therefore 7&71 <|S| =m.
Hence the proof. O

4. Inverse BBD Number and Inverse BBI Number.

Definition 4.1. Let G be any graph and L be the minimum BBD set of G. A
BBD set L1 C B—L is called an inverse BBD set of G with respect to L. The order
of a minimum inverse dominating set of G is called the inverse BBD number of
G denoted as vy, = ! (G).

We observe that 75, (G) < 7, (G)

Definition 4.2. Let G be any graph and L be the mazimum BBI set of G. A BBI
set L1 € B — L is called an inverse BBI set of G with respect to L. The order of
a maximum inverse BBI set of G is called the inverse BBI number of G denoted

as By = By, (G)-
We observe that B, (G) > By, (G).
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Example 4.1. For the double star in Figure 2, ’ylgyl =2 and 5&71 =2.
Infact for any double star , ’y,;)l(KLn %« K1 m) =2 and Bl;)l(KLn * Ky ) = 2.
For the Corona, v,," (K3 0 K1) =3 and ;' (K3 0 K1) = 1.
In fact for any Corona Gy 0Ga, v, (G10Gs) = |V(G2)| and B, (G10G2) = 1.
For the graph G in Figure 2, Wt;)l(G) =4 and ﬂ;bl(G) =2

Here we recall the Theorems which appear in [9]
Theorem 4.3. For any graph G with maximum bb-degree Ay,

m
- < GY<m—Ay(G
1+Abb(G)_%b( ) <m — Ap(G)

Further the bound is sharp.
Proposition 4.4. Let G be any graph with m blocks and maximum VB degree

Avby then
m <
A wl = Yob

Proposition 4.5. For any connected graph G,
Yob(G) = Ben(G)
Proposition 4.6. For any block path BPm with m blocks,

Yoo (BP) = VHW

—1 L
B (BPn) = | 5]
Proposition 4.7. For any graph G with m blocks,
1 mAbb
<
Yoo (G) < At 1

Proof. If L is a minimal BBD set of G, then B(G) — L is also a BBD set of G.
Therefore any inverse BBD set L1y € B(G) — L. From Theorem 4.3 we have,

Further the bound is sharp.

m
G)> ———.

'Ybb( ) T Ap+1 m
Therefore ’yl;l(G) = |L1] < |B(G) — L] = m —y(G) < m— =
A Abb +1

mAOQpp . [l

Ay +1

Proposition 4.8. For any graph G with m blocks,

-1 m(Ayp — 1)
By, (G) < T Aa
Proof. From Proposition 4.4 and Proposition 4.5 we know that m < Yob = Bob-

Avb
If L is any BBI set of G then any inverse BBI set L1 C B(G) — L. Therefore

ﬂ&f(G)ZILl\éIB(G)—L|:m—5bb(G)§m_A£:%. .
vb vb
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