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ON MAXIMUM STRESS ENERGY OF GRAPHS

S. SURESHKUMAR, H. MANGALA GOWRAMMA, M. KIRANKUMAR,
C. N. HARSHAVARDHANA, M. PAVITHRA, AND P. SIVA KOTA REDDY*

ABSTRACT. In this article, we introduce the maximum stress matrix M SM(G)
for a connected graph G. We investigate the properties of this matrix,
establish bounds on its eigenvalues, and define the maximum stress energy
Ensa (G) as the sum of the absolute values of its eigenvalues. Furthermore,
we discuss its potential relevance in chemistry by comparing Eprsar(G) with
the m-electron energy of polyaromatic hydrocarbons.

1. Introduction

In this article, we will be focusing on finite, unweighted, simple, and undirected
graphs. Let G = (V| E) denote a graph. The degree of a vertex v in G is denoted
by d(v). The distance between two vertices u and v in G, denoted d(u,v), is the
number of edges in the shortest path (or geodesic) connecting them. A geodesic
path P is said to pass through a vertex v if v is an internal vertex of P, meaning
v lies on P but is not an endpoint of P. For standard terminology and notion in
graph theory, we follow the text-book of Harary [8].

Gutman [6] defined the energy of a graph G as the sum of the absolute values
of its eigenvalues, denoted by £(G). Since eigenvalues have a strong relationship
with nearly all of the important graph invariants and extreme properties, they are
essential to comprehending graphs. Consequently, graph energy, a specific type of
matrix norm, has attracted attention from both pure and applied mathematicians.
In order to analyse graph matrices using matrix theory and linear algebra, spec-
tral graph theory—which focusses on matrices related to graphs, particularly their
eigenvalues and energies—is essential. Graph energy offers important information
about the many dynamic and structural characteristics of graphs. It is a measure
that captures the collective influence of a graph’s eigenvalues, linking to diverse
applications from chemical graph theory to network analysis. Different graph en-
ergies associated with topological indices have been introduced and extensively
studied in the literature, highlighting their significance in understanding complex
systems. Numerous matrices can be related to a graph, and their spectrums pro-
vide certain helpful information about the graph [1,3,5,7,9,11-14,21].
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In 1953, Alfonso Shimbel [23] introduced the notion of vertex stress for graphs
as a centrality measure. Stress of a vertex v in a graph G is the number of
shortest paths (geodesics) passing through v. This concept has many applications
including the study of biological and social networks. Many stress related con-
cepts in graphs and topological indices have been defined and studied by several
authors [2,15-20,22,24]. A graph G is k-stress regular [4] if str(v) = k for all
v e V(Q).

In this paper, we introduce the maximum stress matrix of a graph G and de-
fine the maximum stress energy Fnrsp(G) based on its eigenvalues. This new
approach extends the concept of graph energy to incorporate stress-related mea-
sures, offering a fresh perspective on graph invariants. We also establish bounds
for Epsam(G) in relation to other graph invariants and explore the correlation
between the maximum stress energy of molecules with heteroatoms and their re-
spective m-electron energy. This work aims to deepen our understanding of graph
energy and its implications for molecular and structural analysis.

2. Maximum Stress Matrix and Energy

The maximum stress matrix of a graph G with V(G) = {v1,v2,--- ,v,} is defined
as MSM(G) = (x;;), where

| max(str(vy), str(vy)), ifi # j;
Tij = 0, otherwise .

The maximum stress polynomial of a graph G is defined as
Parsaray(As) = (A — MSM(G),

where [ is an n X n unit matrix.

All the roots of the equation Pprsar(q)(As) = 0 are real because the matrix
MSM(G) is real and symmetric. Therefore, these roots can be ordered as s, >
Asy 2 - 2> Ag,, with A4, being the largest and A, being the smallest eigenvalue.
The maximum stress energy Eyrsp(G) of a graph G is defined by

Ensm(G) = Z |As, |-
i=1

3. Preliminary results

In this section, we will document the necessary results to support our main
findings in section 4.

Theorem 3.1. Let ¢; and d;, for 1 < i < n, be non-negative real numbers. Then

e (0 ) (5

where M1 = maxi<;<n {¢;} ; Mo = maxi<i<p {d;} ;1 = miny<;<,, {¢;} and mg =
minlgign {dl}
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Theorem 3.2. Let ¢; and d;, for 1 < i < n be positive real numbers. Then

2

n n n 2 n
>3t (S ) < nas - mm
1=1 =1 1=1

where My = maxi<i<n {¢;} ; Mo = maxi<;<n {d;} ;m1 = ming<;<,, {¢;} and mg =
mil’llgign {dz}

Theorem 3.3 (BPR Inequality). Let ¢; and d;, for 1 < i < n be non-negative
real numbers. Then

< a(n)(A-a)(B - b),

n n n
n E Cidi — E C; E dl
i=1 i=1 =1

where a,b, A and B are real constants, that for each i,1 < i <n,a <c¢; < A and

b<d; < B. Further, a(n) =n[2] (1- L [%]).

Theorem 3.4 (Diaz—Metcalf Inequality). If ¢; and d;,1 < i < n, are nonnegative
real numbers, then

zn:df +7”Rzn:c? <(r+R) (iqdi> ,
i=1 i=1 i=1

where r and R are real constants, so that for each i,1 < i < n, holds rc; < d; <
RC,L‘.

Theorem 3.5 (The Cauchy-Schwarz inequality). If ¢ = (c1,¢2,...,¢,) and d =
(d1,da,...,dy,) are real n-vectors, then

(£e) < (54 (B)

4. Bounds for the maximum stress Eigenvalues and Energy

Lemma 4.1. Let A;, > A, > ... > A, be the eigenvalues of the mazimum stress
matric MSM(G). Then

(i) Z)\ =0

(i) Z A= 2Zmax (str(v;), str(v;)) = 2Mgp,
i=1 i<j
where Mgy, =32, ; max (str(v;), str(v;)).
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Proof. 1) The first equality is a direct consequence of MSM(G);; = 0 for all
1,2,...,n.
ii) We have

> A2 = trace[MSM(G))?

i=1

n n
-3
i=1 j=1
n
SRR >
i=1 i<j
=2 Z max (str(v;), str(v;))
i<y
= 2Msma

where My, = 37, max (str(v;), str(v;))

O

Lemma 4.2. If a,b,c and d are real numbers, then the determinant of the form
(>\+a) Inxn _aJan _CJnXm
_dJan ()\+b) Imxm_meXm

=A+a)" T A+ (A= (n—1)a) (A — (m —1)b) — mned] .

Theorem 4.3. If K, ,, is a complete bipartite graph, then the characteristic poly-
nomial is given by

m—1 n—1
(>\s + n(n271)) ()\s + m('rgfl)>

[0~ g (o, oo s (22 20 )]

Proof. In a complete bipartite graph K, ,, the vertex set V (K, ) can be par-
titioned into two disjoint sets A = {u1,ua,...,un} and B = {v1,ve,...,v,}. The
stress of any vertex v in K, , is given by

D) - ifue A
Str(v) = { min=1) 't yen
2 :

Using the above and the definition of maximum stress matrix, we find that MSM (K, ) =
@(_Imeﬁ‘Jme) max (@»W) Jmxn

max (n(n2_1)7 m(n;_l)) Jnxm m(ngl_l) (=Inxn + Jnxn)

where I, is the identity matrix and Jyx,, is the matrix with all entries as 1.
The characteristic polynomial of the above matrix is given by the following deter-
minant:
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(As + %) Im><m - n(nz—l) mem — max (%7 W) Jm><n

2 ’ 2

— max (n(nfl) m(mfl)) Jnxm (>\s + m(ngil)]’nxn) - m(772171) Jnxn

Using the Lemma 4.2 in the above, we have the characteristic polynomial
m—1 n—1
n(n—1) m(m—1)
(Ao +202)7 0 (O, 4 mip=n)

2
« |:()\s . n(n—l%(m—l)) (As . m(m—;)(n—l)) —mn (max (n(nQ—l)7 7rL(7721—1))) :|
([l

Theorem 4.4. The characteristic polynomial of the cycle C,, is given by
(n=1)(n—3) =DE=3\""" el odd:
(AS — f) ()\S + f> , if nis odd,

n—1
(&_gm;yza)0{+ﬂ%2) . if nis even.

Proof. The stress of any vertex v in C), is given by

(n=1)(n—=3) : .
g if nisodd;
str(v) =
n(n—2)
8 )
Using the above and the definition of maximum stress matrix for n being odd, we
find that

if nis even.

0 (n—l)én—ii) (n—l)s(n—?)) . (n—l)S(n—B)
(n—1)(n—3) 0 (=D(n=3) (=1)(n-3)
MSM (C,,) = 8 8 8
(n—l)'(n—?)) (n—l)'(n—S) (n—l)(.n—3) . 0
8 8 8

Using the Lemma 4.2 in the above, the characteristic polynomial of the above
matrix is given by

(3o ) (o, OB )

Again by the definition of maximum stress matrix for n being even, we find that

0 o2 e e
8 8 8
me-2 We-2 e
MSM (C,)=| ° s _ s
ME-2)  (ME-2) e
8 8 8

Using the Lemma 4.2 in the above, the characteristic polynomial of the above
matrix is given by

o e | G o B
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Theorem 4.5. Let G be a k-stress reqular graph of order n. Then the character-
istic polynomial is given by (s — k(n — 1)) (As + k)" "

Proof. If the graph G is k-stress regular, then str(v) = k for all v € V(QG).
Using the definition of maximum stress matrix, we find that

0k k - k
k0 k ook
MSM (G) =
kK kE kE - 0

The characteristic polynomial of the above matrix is given by the following deter-
minant:

s —k —k - —k
kN —k - —k
NI —MSM(G)|=| . . . :
—k o~k —k o A

Using the Lemma 4.2 in the above, we have the characteristic polynomial
A —k(n—1) (s + k)" .
O

Theorem 4.6. If K1x,_1 is a star graph, then the characteristic polynomial is
given by
)\n—Q )\2 _ (ﬂ — 1)3(7’l — 2)2
S S 4
Proof. The star graph K (,_1) has two types of vertices, namely, internal vertex

. —1 —2 .. . .
having stress % and remaining vertices having stress 0. Hence,

0 (nfl)(n72)J -
MSM (Kixn-1) = (nf1)(n(7gXl 2 (et
f*](n—l)xl (0)(n—1)><(n—1)

Asly _(n_l)gﬂjlx(nfl)

|)\SI—MSM(K1><n71)| = (n—1)(n—2)
-3 Jn

b

—1)x1 Aslin—1)

where I, is the identity matrix of order r X 7, 0, xm is the zero matrix of order
mxm, and Jo, x, is the m xn matrix with all entries equal to 1. Thus, by applying
Lemma 4.2, we obtain the desired result. (I

Theorem 4.7. Let G be any graph with n-vertices. Then

N < (2Msm7)l(n -1

Proof. Setting ¢; = 1,d; = Ag,, for i =2,3,...,n in Theorem 3.5, we have

n 2 n
(Z /\> <(n-1) Z A2 (4.1)
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From Lemma 4.1, we find that

> A ==Ag and 3 AL = -A2 +2Map.
i=2 i=2
Employing the above in (4.1), we obtain

(“A)” < (0= 1) (2o = X2))

o /)=

Theorem 4.8. Let G be any graph with n-vertices. Then

EMSM(G) < (QMSm)n

Proof. Choosing ¢; = 1,d; = |Ag,], for i = 2,3,...,n in Theorem 3.5, we get

n 2 n
(Z |Asi|> <nd A
=1 =1
— (Eysn (@) < n(2M,,)

:>EMSM(G) < TL(QMSW).
]

Theorem 4.9. If G is a graph with n vertices and Epsa(G) be the mazimum

stress energy of G, then
V 2Msm < EMSM(G)

Proof. By the definition of Eargp(G), we have

n 2 n
[Exvrsm(G))* = (Z IAsi|> > Al = 2Mn.
1=1 =1

= V2Mym < Epsu(G).
O

Theorem 4.10. Let G be any graph with n-vertices and ® be the absolute value
of the determinant of the mazimum stress matric MSM(G). Then

\/(2Msm) +n(n —1)®2/" < Epsm(G).

Proof. By the definition of maximum stress energy, we find that

2 n
) :Zp‘sl- 2+2Z|>\5i )\5j|

i=1 i<j

(BEmsm(@))* = <Z [ As;
=1
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= (2Msm) + Z | As:
i#]
Since for non-negative numbers, the Arithmetic mean is greater than Geometric
mean, we have

As,

1
n(n—1)

Z Nalhe | = [ TT1As 1A,

Z#J i#]

n ﬁ
(H |>\81 |2(TL—1)>
i=1

| \/

Therefore,

STl A | = n(n - 1)0%

i#]
— [Exsn (G)? > 2Mp, 4 n(n — 1)®%™

= Emsm(G) > \/QMsm +n(n —1)®2/n,

Equality in AM-GM inequality is attained if and only if all A;;;i=1,2,...,n are
equal. ([

Lemma 4.11. Let ¢q,ca,...,cn be non-negative numbers. Then

n n 1/n n n n n 1/n
1 1
n - g ci — <H cq;) <n Eﬁl ci—<§1 ./cq;> < n(n-1) - Eﬁ (H ci>

=1 1=1 =1

Theorem 4.12. Let G be a connected graph with n vertices. Then
V@Mo) + n(n — DI < Brsag(G) < \/(2Mo)(n — 1) + nd2/n.
Proof. Let c; = |)\Si|2 ,0=1,2,...,n and

n n 1/n
|1 2 2
wn |23 (1)
_2M 2
=n ( sm <H|)\Sl>

=n -%_©2/n
n

= (2Mp,) — n®*/™,
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By Lemma 4.11, we obtain

n n 2
W<nd |\, - (ZW ) < (n—1)W.
i=1 i=1

Upon simplification of the above equation, we find that

V@M) +n(n = D)2/7 < Barsas(Q) < 1/ (2Mi)(n — 1) + nd2/n.

Theorem 4.13. Let G be a graph of order n. Then

2
EMSM(G) 2 \/(QMsm)n - nz (Asl - )\s min)27

where As; = Asmax = MaXi<i<n {|As; |} and Agmin = mini<i<p {|As; ]}

Proof. Suppose As,, As,, - .., As, are the eigenvalues of M SM(G). We choose ¢; =
1 and d; = |\s,|, which by Theorem 3.2 imply

zn: 12 zn: |>\57, 2~ (zn: |)‘81
i=1 =1 i=1

1.e., (2Msm)n - (EMSM(G))2 S — ()\51 - )\smin)Q

2
2
n 2
> S Z ()\sl - )\smin)

- EMS]\/I(G) > \/(QMsm)n - Z ()\51 - )\smin)2-

Theorem 4.14. Suppose that zero is not an eigenvalue of MSM(G). Then

()\51 + )\s mm)

(2Mom)n < 4< Do s min >(EMSM<G))2’

where As; = Asmax = MaXi<i<n {|As; |} and Agmin = mini<i<p {|As; |}

Proof. Let Mg, sy, ..., As, be the eigenvalues of MSM(G). Setting ¢; = |\, | and
d; =1 in Theorem 3.1, we have
) 2

St 6
i=1 i=1 =

1 >\€ AGInll’l
— (2Myn)n < 1 <H> (Eamsu(G))

)\sl )\s min
([l

Theorem 4.15. Let G be a non-trivial graph . Then Epsa(G) > \/(tg;zc;jeg%%]\ﬁ%;)))g )
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Proof. Taking a; = \/\31|% , b= |)\Si|% ,p= 2 and ¢ = 3 in the Holder inequality,

2
we get

Z|Asi|2—2|xsi|§(|A§,.|)és(ZM) (Zmﬁ) :
1=1 1=1 =1 =1

Upon simplification of the above equation, we find that
3

S GE | [rece(usiG))’
Ensm(G) > W _\/ trace(MSM(G)%)
O

Theorem 4.16. Let G be a graph of order n and As, > As, > ... > A, be the
non zero eigenvalues of MSM(G). Then

(2Msm) + Tl)\sl As min
)\51 + )\s min

} and Asmin = mini<;<n {|As,

Eysm(G) >

)

where Ag; = Asmax = MaxXi<i<n {|As;

1.
Proof. Assigning d; = |As,|,¢; = 1, R = |As,| and 7 = |Agmin| in Theorem 3.4, we

get

n

Z ‘)\sl 2 + )\sl)\smin Z 12 S ()\51 + )\s min) Z |)\sl
i=1

=1 =1
- (2Msm) + n)\sl )\s min < ()\51 + )\s min) E]\/IS’M G)
(QMS’m) + n)‘s1 >\5 min

)\sl + )\s min .

= Ensm(G) >
O

Theorem 4.17. Let G be a graph of order n and As, > As, > ... > A, be the
eigenvalues of MSM(G). Then

Earsnt(G) > ) @Mam)n — a(n) (hs, — Asmin)™
where Ay, = Asmax = MaxXi<i<n {|As;
n 310 -5 130
Proof. Setting ¢; = |\,
we get

}and As min = mini<;<n {|As;

} and a(n) =

=d;, A <|Ag,| < B and a < |Ag,| <bin Theorem 3.3,

n n 2
’I’LZ |>\S7, ? - (Z |)‘51 ) S a(n) ()‘51 - )\smin)z
i=1 i=1

— |@Mm)n = (Barsn(G))?| < aln) (A, = Asumin)?

— Eusu(G) > \/(2Msm)n —a(n) (Mg, — Aemin)’-
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5. A QSPR Analysis of Eyrsr(G)

In this section, we carry out a computational investigation of the maximum
stress energy Fursa(G) and the m-electron energy associated with heteroatoms.
The analysis examines quadratic regression models, which are useful for identifying
relationships in datasets that display nonlinear characteristics. Given that real-
world data often involves such complexity, these regression models offer flexibility
in capturing the underlying trends. This section also emphasizes the importance
of maximum stress energy in constructing effective quadratic regression model for
predicting chemical properties like m-electron energy.

The regression model tested are as follows:
Quadratic equation:
Y = A+ Bi1X + B X2
Here, Y is the dependent variable, A being the regression constant, and B; (where
i =1,2) are the regression coefficients and X is the independent variable.

TABLE 1. Molecules containing hetero atoms with the maximum
stress energy and m-electron energy

Molecule Ensy(G)  m-electron energy
Veny chloride like system 2.23 2.828
Acrolein like systems 5.76 10.246
1,1-Dichloro-ethylene like systems 6.96 8.485
Glyoxal like and 1,2-Dichloro

-ethylene like systems 6.82 10.246
Butadiene perchurbed at C2 5.66 10.246
Pyrrole like systems 5.23 8
Pyridine like systems 6.69 30
Pyridazine like systems 9.06 30
Pyrimidine like systems 9.1 30
Pyrazine like systems 9.07 30
S-Triazene like systems 9.65 30
Aniline like systems 8.19 67.952
O-Phenylene-diamine like systems 12.21 129.788
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TABLE 2. Molecules containing hetero atoms with the maximum

stress energy and m-electron energy

Molecule Ensy(G)  m-electron energy
m-Phenylene-diamine like systems 12.22 118.055
p-Phenylene-diamine like systems 12.21 123.086
Benzaldehyde like systems 11 126.245
Quinoline like systems 14.23 265.558
Iso-quinoline like systems 14.23 265.558
1-Naphthalein like systems 16.15 364.31
2-Naphthalein like systems 16.12 382.859
Acridine like systems 20.56 902.776
Phenazine like systems 21.62 902.776
Iso-indole like systems 13.46 145.324
Indole like systems 13.59 145.324
Azobenzine like systems 21.02 1046.458
Benzylidine-aniline-like systems 20.1 1046.458
9,10-Anthraquinoline like structures 24.23 1269.925
Cabazole like structures 19.39 494.216

TABLE 3. The correlation coefficient  and r? (Adjusted) from
quadratic regression model between 7 electron energy and maxi-

mum stress energy

Model

T

2

Quadratic Regression Model

0.978

0.9568

Maximum Stress Energy = 4.1949(Pi-Electron Energy)? - 52.925(Pi-Electron Energy) + 161.44

r*=0.9568

1600

1400

=
[
o
o

1000
800
600
400
200

Maximum Stress Energy

15

-200

20

25

Pi-Electron Energy

67




ON MAXIMUM STRESS ENERGY OF GRAPHS

6. Conclusion

In conclusion, the maximum stress energy shows considerable promise as a
predictor of m-electron energy in chemical compounds. The identified
correlation suggests its usefulness in modeling molecular properties, providing a
novel method for assessing stability and reactivity. Future research could refine
the model’s accuracy and broaden its application to a more diverse set of chemical
structures.
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