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FORMULATION OF DIFFERENTIAL EQUATIONS UTILIZING
THE RELATIONSHIP AMONG RAMANUJAN-TYPE
EISENSTEIN SERIES AND h-FUNCTIONS

VIDYA H C, PRAGATHI B SHETTY, AND ASHWATH RAO B*

ABSTRACT. Ramanujan, in his lost notebook on page 188, delineated unique
categories of remarkable infinite series, expressing them through the frame-
work of Eisenstein series. The aim of this paper is to explore diverse differen-
tial identities concerning classical n-functions and h-functions. Furthermore,
we introduce specific identities involving Eisenstein series of various levels and
h-functions, which serve to establish connections between class one infinite
series and h-functions.

1. Introduction

Differential equations play a pivotal role in applied mathematics, serving as fun-
damental tools in the advancement of clinical, engineering, physics, and chemistry
disciplines. In homage to Ramanujan’s contributions, we endeavor to construct
ordinary differential equations by utilizing derived Eisenstein series relations of
different levels. Significant research endeavors have been directed towards ordi-
nary differential equations that are fulfilled by modular forms. In his notebook
referenced as [1], Ramanujan dedicated considerable focus to Eisenstein series,
particularly to P, @, and R, and provided several intriguing differential identities
involving infinite series and theta functions.

The primary focus of this paper lies in the development of numerous differential
identities that incorporate theta functions and an infinite product, specifically re-
ferred to as h-functions. A detailed study of h-functions and numerous modular
equations for h has been derived by M. S. M. Naika et.al [8]. In their research,
S. Cooper and D. Ye [4] undertake a thorough examination of the h-function and
illustrate its applicability through the presentation of numerous elegant formulas
involving this parameter. Furthermore, S. Cooper [5] has documented specific re-
lationships between Eisenstein series and h-functions. Ramanujan [1] documented
certain differential equations related to n-functions, while B. C. Berndt [3] ex-
tensively emphasized the significance of constructing differential equations that
incorporate n-functions and Eisenstein series. In their referenced work [7], H. C.
Vidya and B. Ashwath Rao established graceful linkages between Eisenstein series
and theta functions. These connections were later utilized to deduce and assess
particular convolution identities. Additionally, H. C. Vidya and B. R. Srivatsa Ku-
mar, as cited in [10], derived differential equations integrating identities associated
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with the n-function. They emphasized the importance of devising these equations
to facilitate the generation of incomplete integrals containing n-functions.
Furthermore, on page 188 of his missing notebook referenced as [9], Ramanu-
jan derived specific formulas connecting the class one infinite series Ts,.(¢q), where
r=1,2,...,6, with the Eisenstein series P, ), and R. The primary proof of six
formulas for T5,.(q) appeared in a research document by B. C. Berndt and A. J.
Yee [2]. Another proof of these formulas appeared in Liu’s paper [6, p. 9-12].
Section 2 is dedicated to documenting preliminary discoveries aimed at facilitat-
ing the attainment of the primary objectives. In Section 3, a correlation has been
established between Eisenstein series and h-functions, which is subsequently em-
ployed to derive specific differential identities and establish relationships among
Class one infinite series and h-functions.

2. Preliminaries

Ramanujan presented the following definition of a general theta function in his
notebook [1, p.35]. Consider any complex a, b and q, with |ab| < 1,

f(a b Z az(z+1)/2bz(z 1)/2

i=—00

= (—a; ab) oo (—b; ab) oo (ab; ab) s,

where,

o0

(a;9)00 = H(l —aq’), |q < 1.

=0

The subsequent instances are specific cases of theta functions as defined by Ra-
manujan [1, p.35].:

elq) = Z ¢ = (= )% (@ 1)
= i(i+1)/2 _ 7)00

¥(q) = f(g,4°) Zq Tron
f(=q) = f(—¢,—¢*) = Z (—1)iqgiGi-1/2
= (¢ 9)oe = ¢ **n(7),

where ¢ = >™".

We denote f(—q") = fn.
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Definition 2.1. Cooper [5] documented certain relations involving 7-functions in
his notebook, as outlined below:

5 2,4 3
1276 U M1 7s
r (Q) = ) Tb(CI) = , T (CI) = )
¢ 1773 mng 12173
4,8 9,3
273 273
1+ 8r.(q) , L+ 9r,.(q) =
‘ e ‘ ning
3 2,.e
712 oy _ Mamslaiz
1—37"1,((]2): —, 1+7p(q°) = ==~
313 muang

Definition 2.2. Ramanujan[9] documented the class one infinite series,

Toilq f1+z I (G Vs Ui

z(3z+1)

+(62 4 1)%kq™ 2 }}, (2.1)

and expressed Thy(q) for k = 1,2, ...,6 in terms of Ramnujan-type Eisenstein series:

Qg) =1+ 2402 197qu =1+240> " 83(j)¢’

Jj=1 Jj=1

5 j oo
J°9q .
- =1-504 6 J
T ;:1 5(J)a

R(q) =

Throughout, we denote P(q"™) = P,.

Further, B. C. Berndt [2] established an interesting relation
T2(q) = (¢ @)oo P()- (2.2)
Definition 2.3. [5] For |¢| < 1, the h-function defined by

12ac 1)(1 _ q12x—11)

=9 H q2r5)(1 — g12e=7)

The weight two modular form y;2 in terms of h-function is defined by
d sq°
=q—Ilogh=1— —_—
Y12 = qd og ;Xw 1—g¢*
where
1 if s=1 or 11 (mod 12),
x12(s) =< —1 if s=5 or 7 (mod 12),
0 otherwise.
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Lemma 2.4. [5] The relation among an infinite series and h-functions hold:

h(dyi2)
P(q) 6 2 3 —6 2 0 dh
a-n*
P(q?) 3 2 0 0 % _% (1+n2) Y12
(1-h?)
P(q®) 2 —2 & 2 0 2 A s
4 Tl s 5 3 1 _p2
p(q ) 2 14 73 1 3 0 myu
P(¢%) 1 0 2 2 -l 1 e
3 3 2 6 %yu
12 11 1 5 1
P(q™) i 2 5 o0 i -
+2r+h2) Y12

3. Relations among Eisenstein series and h-functions

Theorem 3.1. The connections among the Ramanujan type Eisenstein series and
h-function holds:

(i) = PL+ P, +3P3 — 3P = %912

(i) — 5Py + 2Py — 3P; + 30Ps = %yu

(i) Py — 4P, = 3Py +12P5 = ¢ — f;‘((uu_;)){; o
(iv)Py — 2P; — 9Ps + 18P; = M’yu

(v) = Pi+ 2P, + P; —2F; = (= 1)(u8_u:)2)(u Yy Y12

(vi)Pr — P — 4Py +4P12 = —%yu

(vii) — Py + 4P, +9P3 — 12P, — 12Ps + 12P;5 = %912

20(—u? + 16u3 — 24u? — 32u + 32)
w(u —1)(u—2)(u—4)(u+2)
3(5u? + 13u — 20)v
u(u —1)(u—4)
3(—ut — 2u3 + 12u% — 32u + 32)v
w(u—1)(u—2)(u—4)(u+4)

(UZZl)—P1+2P2+3P3—|——6P6: Y12

(ix)P1 +3P; — 4P, — 12P =

Y12

(lL’)Pl — 2P2 + 3P3 - 6P6 =

Y12
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24v(17u? + 8u — 16)

1) — 17TPy + 26P5 + 33Ps — 42FP; =
(21) 1+ 200 + 33153 6 w(u—2)(u+2) Y12
. 24v(2 — u)
P —10P + 15P;s — 6Py = —————
(zii) Py 2+ 3 6 wu—D(a+ 2)3112
(I'ZZ’L) — ].1P1 + 8P2 + 27P3 + 12P4 - 24P6 — 12P12
_24(—u? 4 16u® — 34u + 16)v
T wu-Du-—Du-—2)
36v(3u — 4
(2iv) — 9P, + 12P, + 33Ps — 12P4 — 36P5 + 12y — —o00BU=4)
w(u —1)(u—4)
24v(Tu — 4)

— TP, +4P, +15P; +12P; — 12P; — 12Pjg = —————~
(xv) 1+ 45 + 3+ 4 6 12 u(u—l)(u—4)y12’

wherehqt%:u, 7h+%:v.

Proof. Through the utilization of Lemma 2.4 and subsequent simplification, we
derive the requisite relationships. O

4. Formation of differential identities involving 7n-functions and
h-functions

In succeeding Theorems 4.1—4.3, we formulate differential equations in conse-
quence of Eisenstein series of different levels that associates h-functions and the
derivative of weight two modular forms.

Theorem 4.1. 1. If

S(q) =1+ 8rq(q),
then the following differential identity holds:
ds 8v
_— —_— S =
qdq {u(v 4)2112] )
where h—l—%:u, —h—i—%:v.

Proof. We note from [5, pp. 189] that, S(¢) may be reformulated in terms of
n-functions given by
s < B _ B8

mng - fRfd
Rewriting the expression for S(¢) using ¢-series notation, and then logarithmically
differentiating with respect to ¢, we reach the following outcome:

1dS 8| rq" N = g’ = rgfr
= == - -3 3
LIS S5 gy iy i

r=1 r=1 r=1 r=1

By utilizing the definition of the Eisenstein series and performing simplifications,
we obtain the following result:
qdS 1

Edqug[_P1+P2+3P3_3P6]'
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Finally, incorporating Lemma 2.4, and representing Eisenstein series in terms of
h-functions, followed by simplification, we derive

qdS 8h(1 — h?)

Sdq  (1+h2)(1—4h+h?)’
Further, denoting h + % =u, —h+ % = v and then simplifying, we derive expres-
sion (i).

Applying the same methodology used to derive the aforementioned result, we
can construct the following set of differential equations:

(i4) 1£ S(q) = ra(g) = quf then ¢ - [(u_;)‘(u_my] s =0,
(i) TF S(g) = ry(q) = ‘W then q;i; _ ; = f;?i“_;% 5 yu} S0,
(i) 1t S(q) = req) = Q;J}f then ¢ - [;Hy] 5=0,
(v) Tt S(g) = 1+ 9ra(q) = ;?fzg then q;l—; - :(u . 1)(51“2)@ — ylg] S=o,
(0i) T S(q) = 1 — 3ry(g?) = JZ J}}Q then qj—; + [w_;);zmylz] S =0,
(vid) If S(q) = 1+ ry(¢?) = 13321 E,’f ;22, then qj—; - [u(uv—1)y12:| S =0,
where h + % =u, —h+ % = v. Therefore the proof is completed. O
Theorem 4.2. If

S(a) = ;- ot 72rq(q) + 17,

then the following differential identity holds:
ds  [v(—u? 4+ 16u3 — 24u? — 32u + 32)
a4 - Y12| S =0,
dq (u—1)(u—2)(u+2)(u—4)

whereh—i—%:u, —h—i—%:v.

Proof. According to the information provided in [5, p. 189], it appears that S(q)
can be expressed using theta functions as

f12f12
S(q) = 212 312)
qf 1 f 6
By reformulating the expression for S(¢) in g-series notation and subsequently
logarithmically differentiating with respect to ¢, we arrive at the following result:

1dS 1 12| rq” s rg®" e rg®" o rqb"
e Tt _ 9 _3 6
qu q+q ;1_qr ; 1_q2r ;1_q3r+ ;1_(]6T
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Upon applying the definition of the Eisenstein series and conducting simplifica-
tions, we arrive at the following outcome:

qgdS 1
—— = =[-P; + 2P, + 3P; — 6F%].

S dq 2[ 1+ 205 + 553 )

Finally, incorporating Lemma 2.4 and representing Eisenstein series in terms of
h-functions, followed by simplification, we derive expression (i).

Employing the methodology utilized in deriving the aforementioned results, we
can formulate the following set of differential equations:

(ii) If S(q) = ——~—3rp(¢*) —2 = 1ifs then
r5(q?) afifty’
ds 1 v(5u? + 13u — 20) B
i [4 w(u—1)(u—1) y} =0
(132) If S(q) = L—f—9a:;,(q) —-10= 4 then
6(q) af3 1§’
ds  [v(—u* —2ud + 12u? — 32u + 32)
q— — Yi2| S =0,
dq u(u—1)(u—4)(u—2)(u+2)

where h + % =u, —h+ % = v. Therfore the proof is completed.

Theorem 4.3. If
S(g) = 14 17ra(q) + 7272 (),

then the following differential identity holds:

ds v(17u? + 8u — 16)

dg  |u(u—1)(u—4)(u+2

whereh—i—%:u, —h—l—%:v.

q )y12 S =0,

Proof. Based on the details outlined in [5, p. 189], it appears that the expression
of S(g) can be represented utilizing theta functions.

13 £11
S(q) = ?17?7

1 J6
Through rephrasing the expression for S(g) in g-series notation and subsequently
applying logarithmic differentiation with respect to ¢, we obtain the following
outcome:

1dS 1 e ’I"qT e ,rq27' e ,rq?)’!' & rqﬁ'r
—— =— |17 — 26 —33 + 42 .

After employing the definition of the Eisenstein series and performing simplifica-
tions, we reach the following result:
qgdS 1
= — = —[-17P; + 26P, + 33P3 — 42F%].
S dg 2[ 1+ 2+ 3 6]
Ultimately, by incorporating Lemma 2.4 and expressing Eisenstein series in the
context of h-functions, subsequent simplification yields the expression (i).
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Employing the methodology utilized in deriving the aforementioned results, we
can formulate the following set of differential equations:

(42) If S(q)

C1+8rle) N3 ds [ e Y12| S =0

13 o(e) A2t Mg T [ulu— Du+2)

L+8ra(q)  f319f3

i) If S(q) = = , th
) 1500 = T (q®) ~ Ffifun ™
ds  [v(—u®+16% — 34u+16) 7
Tag ~ {um— 1)(u—4)(u—2) y] 50
f6f11f9
(iv) 1 S(q) = (1 +8ra(q))(1 + 74(¢?) = T232:712 then
fififs
ds 3v(3u —4) B
G [ o
1+8ra(q) _ 51313 ds [ v(Tu — 4)
If S(q) = = th —_— | S =0.
OISO = ) T a0
where h + % =u, —h+ % = v. Hence the proof. |

5. Relations among Class one infinite series and h-functions

Drawing inspiration from the research conducted by B. C. Berndt [2], H. C.
Vidya and B. Ashwath Rao [7] formulated a representation for Eisenstein series
in terms of the classical Class one infinite series. Using this expression, we derive
fascinating equations that establish connections between Class one infinite series
and h-functions.

Lemma 5.1. [7] For every n > 2, the subsequent relationship among the two
distinct series holds:

(5.1)

P(@") =1+ng"? [W)H - 1} .

(4™:¢"™) oo

Theorem 5.2. The following series expansion among class one infinite series and
h-functions hold:

i)TQ(Q)

@) T | s Ta() (—1>
7, 2q I, 9q 7, +18¢ 7, +2¢ (1 7

o (1- ) Casg (1o L)y 2 1m0
TUTE)TTTUTE) Tae=t T T
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5Ta(g) , Ta(d®)  2Tal(d?) 5 T2(¢°) (_1>
fi 4 fo — % f3 +180¢ fo (! fa

1 1 24uv
21— =) —180¢° (1 — — | + —————y1n — 167 =
+9q< ) T\ ) T g T

L Tole) Ta(d?) 2Ta(d?) 5 T2(¢%) <1>
1i1) 7 8q 7, 9q 7, + 72¢q 7, +8q (1

1 1 6u(u — 1)v B
vo (1 ) m (12 1) - et =0

i)

) TQ(Q)_ To(q?) 2 ( ?) 5T2(q6) (_1>
W)= e S 2T 108 S (1=

1 1 8(u—4)v
2(1— — j [— - /- =
+ 27q ( f3) 108¢° ( fﬁ) ( 2) Y12 + 77 =0,

D), T@®) ., 2Ta(ed) L, 5T (_1)
R G
5 1 Suv
-3 <1f3>“2q <1fe><u—1><u+2><u—4)y”“0’
.Tz() TQ,( ) 3 2( ) 11T2( ) ( _1)
T TR P Gy
1 1 24v
+164° (1 - f4) — 484" (1 - m) D2t =0
ity - @) g ToA@) o nTole) o aTola®) oy s Tala?)

fi f2 f3 fa fe

) )i ()
+ 144q Tia 8q (1 7 27¢° | 1 7 +48¢° (1 7,

. 1 1 24w
+72¢° ([1—— ) —144 11(1—) — Y12 +59=0,
1 ( fﬁ) 1 fi2 U(U—l)y12

i 2@ L, D) To(d) e 5Ta(d) <1>
) 1 4 P + 9 I3 364 fe da\! P

1
—9¢? (1—fd>—|—35q (1_f<)>

B 20(—u* + 16u3 — 24u? — 32u + 32)
u(u —1)(u—2)(u—4)(u+2)

12_23207
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2 6 3

o2 (1oL sy L s(p_ 1
9 (1 f3>+16q (1 f4>+72q (1 fﬁ)

3(5u? + 13u — 20)v

u(u —1)(u—4) Y12 +77=0,
To(a) , Ta(d®) |, 2T2(¢®) .. 4T2(d%) ( B 1)
T A G

92 (1_ L s(p_ L
9q (1 f3>+36q (1 f6>

3(—ut — 2ud + 12u? — 32u + 32)v
— Y12 — 31 = O,
w(u —1)(u—2)(u—4)(u+4)

i) T3(q) T5(q?) 2 Ta(g®) 5 T2(q%) ( 1)
)—17 f1 + 52¢q 7, + 99¢q 7, 225q 7o ql(1 7

1 24v(17u? + 8u — 16)
—o0g? (1= 1) 40257 (1- L) - — T4 =
99¢q ( 7. + 225¢ T W=D t2) Y12 — 74 =0,

i 2@ o T2(e?) 2 T2(q%) sTl(@) ( —1)
) =5~ 20g—p = +45¢" = — 360" +20g (1 -

1 1 24’0(2 —u) _
— 45¢* (1 - fg) + 364° (1 - f6> T wa—Dw19)V 11=0,

T»(q) Tx(¢%) 2 To(q°) sa(e®) o 5Te(d®)
160 P 81— asg S g

11T2(3) <_1>_ 2(_1>_ 3(_1)
— 144q T1o —16q (1 7 8lg” (1 7 48¢° | 1 7 +
5, 1 nf, 1
144q (1 fﬁ) + 144q (1 f12>

B 24(—u? + 16u® — 34u + 16)v
w(u —1)(u—4)(u—2)

wiii) — 11

12 — 143 :0,

o (g) T»(q%) 2 1a(d®) o 3T2(d°) 5 T2(q)
ziv) — 9 3 + 24q I, + 99¢q I, 48¢q I, — 216q To

(i) (1=5) (1)
+ 144q f12 =g (15 ) =996 (1= )+ 480" (1 -

1 1 36v(3u — 4)
+216¢° (1 — — —144“(1—)— +3=0,
1 ( fﬁ) 1 f12 U(“*U(“*‘lez

T To(q? To(q® To(q® T (q?
. 2(q)+8q z(q)+45q2 2(Q)+48q3 2(Q)_72q5 5(q%)

1 fa f3 Ja fe

11T2(q3) ( _1>_ 2( _1)_ 3( _1>
— 144q iz —8q |1 5 45¢° | 1 7 48¢° | 1 7

. 1 1 24v(Tu — 4)
+72¢° [1— =) + 144 11(1) — 115 =0,
K ( fs) K fiz) " ulu—D(u—4"
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where h+%:u, *h+%:1} andhdg}lf —w.

Proof. By utilizing equations (2.2) and (5.1) within the context of Theorem 3.1 (i)
to (xv), and subsequently streamlining the expressions, we arrive at equivalences

involving P(q™) expressed in relation to T5(¢™) and h-functions, as detailed above.
a
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