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LIE ALGEBRA BUNDLES DEFINED BY JORDAN ALGEBRA
BUNDLES OF FINITE TYPE

K. KAMALAKSHI, ELSAYIR H. A., R. RAJENDRA, P. SIVA KOTA REDDY*,
AND JOSE LUIS LOPEZ-BONILLA

ABSTRACT. In this paper, we discuss the Lie algebra bundles defined by Jor-
dan algebra bundles of finite type over an arbitrary topological space and
observe that such Lie algebra bundles are also of finite type. Also, we exam-
ine some ideal bundles of Lie algebra bundles defined by semisimple Jordan
algebra bundles of finite type.

1. Introduction

Let F denotes either the field of real numbers R or the field of complex num-
bers C. For a topological space X, let C(X) = Cr(X) = FX denote the ring of
continuous F-valued functions on X.

Serre (1955) [19] has established that there is a one-to-one correspondence be-
tween algebraic vector bundles over an affine variety and finitely generated pro-
jective modules over its co-ordinated ring. Later, Swan (1961) [20] has established
that if X is a compact Hausdorff space, the category of complex vector bundles
over X is equivalent to the category of finitely generated projective C'(X)-modules
which is known as Serre-Swan Correspondence. Vaserstein (1986) [21] introduced
the notion of vector bundles of finite type over an arbitrary topological space and
proved that the category of finitely generated projective FX-modules is equiva-
lent to the category of F-vector bundles of finite type over an arbitrary space X.
Ranjitha Kumar et al. [11] have studied Lie algebra bundles of finite type over an
arbitrary space X and proved that there is a bijection between Lie algebra bundles
of finite type over a topological space X and finitely generated projective Lie rings
over the ring of continuous functions on the base space X.

Motivated by the works of Koecher [9,10], G. Prema and B. S. Kiranagi [17]
have given a construction of a Lie algebra bundle by Jordan algebra bundle over a
compact Hausdorff space. In this paper, we construct Lie algebra bundles through
Jordan algebra bundles of finite type over an arbitrary space X. We observe
that the constructed Lie algebra bundles are also bundles of finite type. When the
Jordan bundle is semisimple, we see that some ideal bundles of the constructed Lie
algebra bundles are also of finite type. For basic terminologies in vector bundles
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we follow the textbooks [3] and [5]. Some recent developments in the theory of
algebra bundles can be found in [1,2,12-16]. Throughout this paper, it is assumed
that all underlying vector spaces are real and finite dimensional.

2. Definitions
We recall the following basic definitions which can be found in [4,6-8,11,17,18].

Definition 2.1. A Jordan(Lie) algebra bundle for short a Jordan(Lie) bundle, is a
vector bundle £ over a topological space X, together with a morphism 6 : £BE& — £
which induces a Jordan (Lie) algebra structure on each fibre &.

Definition 2.2. A morphism ¢ : £ — n of Jordan (Lie) bundles &, n over X is a
morphism of the underlying vector bundles such that for every z in X, ¢ : &€& — 12
is a Jordan (Lie) algebra homomorphism. A morphism ¢ is an isomorphism if it
is bijective and ¢! is continuous.

Definition 2.3. A locally trivial Jordan (Lie) algebra bundle is a vector bundle
¢ in which each fibre is a Jordan (Lie) algebra and for each z in X there is an
open set U in X containing x, a Jordan (Lie) algebra L and a homeomorphism
¢ :U x L — p~1(U) such that for each z in U, ¢, : {x} x L — p~*(z) is a Jordan
(Lie) algebra isomorphism.

Definition 2.4. A Jordan (Lie) bundle = (1, ¢, X) is a subbundle of a Jordan
(Lie) bundle £ = (£, p, X) provided 7 is a vector subbundle of ¢ and for each z in
X, 1. is a subalgebra of the Jordan (Lie) algebra &,. If n is a subbundle of £ such
that each 7, is an ideal in &, then 7 is called an ideal bundle of &.

Definition 2.5. A section of a Jordan (Lie) algebra bundle (£, 7, X) is a map
s: X — & such that pos =idx.
The symbol T'(£) denotes the set of all sections of &.

Definition 2.6. A semisimple Jordan (Lie) algebra bundle is a vector bundle £
in which the morphism 60 : £ & ¢ — € induces a semisimple Lie algebra structure
on each fibre &,.

Definition 2.7. A Jordan (Lie) algebra bundle £ over an arbitrary space X is of
finite type if there is a finite partition S of unity on X (that is a finite set S of
non-negative continuous functions on X whose sum is 1) such that the restriction
of the bundle to the set {z € X | f(z) # 0} is a trivial Jordan (Lie) algebra bundle
for each f in S.

Example: Any Jordan (Lie) algebra bundle over a compact Hausdorff space is of
finite type.

3. Construction and Results

We shall discuss the construction of a Lie algebra bundle of finite type from a
Jordan algebra bundle of finite type in the following Lemma 3.1 and Theorem 3.2.

Lemma 3.1. Let £ be a Jordan algebra bundle of finite type over an arbitrary
topological space X, with each fibre &, having a unit element e,, v € X. Then

g(&) = U 9(&) = U (Der(&:) + L(&)) is a Lie algebra bundle of finite type.
reX

zeX
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Proof. Since £ is a Lie algebra bundle of finite type, there exists a finite partition
of unity {f;}"_; such that {|y, is trivial, where U; = {z € X | fi(z) # 0}. Let
¢; : Uy x J; — p~1(U;) = €|y, be the the isomorphism, where J; is a Jordan
algebra. Then ¢;(z,ab) = 0,(p(x,a), d(z,b)). Each g(&;) is a Lie algebra, where
the multiplication ¢(0,,) : g(&:) ® g(§$) — g(&;) is given by

9(0.(D; + La, D} + La')) = [D;, D;] ® ([La, La'] + LD;a' — LDa),
for all D}, D; in Der(¢;) and @', a in &,.

Let g(¢:) = End¢i|lu,xqg(s,), Wwhere the vector bundle morphism,
Endg¢; : Uy x EndJ; — |J End&, is given by End¢i(z, f) = ¢i,féi, ", in
zeX

which ¢;, is the isomorphism ¢;|, ¢; restricted to z. Consider D; + La € g(J;).
Then g(¢;)(D; + La) = ¢;,(D; + La)¢i, . Now, D} = ¢,Dip;i, - € Deré, because
for all s,t € &,
Dj(0:(s, 1)) = (i, Didhiz )0 (s, 1)

= i Diviy ()i (8)

= z( 2 (9)Didiz (1) = Di(b15 ' (5))diz ' ()

= er(svd’m iQiyg (t)) O (Gi D 1;1(5),75)

= 0,(s, Di(t)) — 02(Di(s), )

For s € &, ¢i,Ladi; ' (s) = dizadiz (s) = 0.(¢iz(a),s) = L(diz(a))(x). Then

qﬁizLa@;l = L(¢;,(a)) € L(&). Thus g(¢;) maps U; x g(J;) onto |J ¢(&:), and
zeU;

it is an isomorphism. It remains to verify that g(¢;) restricted to each fibre is a
Lie algebra isomorphism. Let D; + La, D, + La’ € g(J;). Then

9(¢i)(x,[Di + La, D + La'])
=g(¢i)(s,[Di, D] + La, La’ + LD;(a’) — LD}(a))
=0ia[Di, Diloiz " + i[L(a), L(a)diz " + b1,(L(Di)a’ )iy
~ ¢, L(Di(a))diz "
=[6i.Didis " $iaDiiz '] + [L(Bia(a)), L(dig(a))]
+ L(¢ix( ibiz (9i2(a) = L(9i Didiz ' (din(a)))
=9(0)(g(¢:)(D; + La), g(¢;)(D; + La')).
Hence g(&) = (9(¢),9(p), X, g(0)) is a Lie algebra bundle of finite type, where
g(p) : g(&§) — X is defined by g(p)(T) =z if T € g(&;) is an isomorphism. O

Theorem 3.2. If¢ is a Jordan bundle of finite type in which each fibre has a unit
element, then K(§) = g(§) ® B & is a Lie algebra bundle of finite type, where £ is
an isomorphic copy of the Jordan bundle &.

Proof. Since £ is a Lie algebra bundle of finite type, there exists a finite partition
of unity {f;}"_, such that {|y, is trivial, where U; = {z € X | fi(z) # 0}. Let
¢i 2 U; x J; — p~Y(U;) = €|y, be the isomorphism, where J; is a Jordan algebra.
If J; is an isomorphic copy of the Jordan algebra J;, we can define
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¢ Ui x Ji — U & by ¢i(s,a) = ¢i(s,a).

zeU;

Then ¢; is an isomorphism and hence £ is of finite type. Now K(§) is a vector
bundle being the direct sum of the vector bundles g(§), £ and §. Each fibre K (&)
is a Lie algebra with Lie multiplication

given by,
K(0.)(Ty 4+ ay + b1, Ty + ag + bo)
= g(QI)(Tl,TQ) + ajq © b2 —ag o b1 D T1a2 — T2a1 D {T;bl — Tl*bg},
for T1,T» € g(&;) and ay,a2,b1,bs € &, where T* = —D + La for T = D + La
and a o b= 2{L(ab) + [L(a), L(b)]}. The morphism
K(¢:) =g(¢:) © ¢ ® i : Us x K(J;) = | ) K(&)
zeU;
is a vector bundle morphism. We note that
(6i)a(Ta) = ()T ()5 " (1)a(a) = (9(0))x(T)(¢4)x(a))
and
(¢3)a(T"(a)) = ((9¢:))aT)" (($i)x(a))-
Now
(K(¢:))[Th & ay @ by, To ® as & bo]
= [(K(¢:)y)(T1 ® a1 B b1), K(¢)y(To @ az & bo)].

Thus, K(¢:)|yxk(s,) is a Lie algebra isomorphism. Hence K(€) is a Lie algebra
bundle of finite type and the morphism K(0) : K(§) ® K(§) — K(£) is given by

K(O)(Ti®a; @ by, Ty © ay @ by)
={[T1, T3] + 2(Laiby + [Lay, Lbs))
— 2(Lasby + [Las, Lby])} @ {Tras — Taar} + {T5 b1 — Ty ba},
where Ty, T are in g(&;), a1, as2,b1,be are in &, and T* = —D + La whenever

T = D + La, gives the Lie bundle structure on K (§). O

Lemma 3.3. Let £ be a Jordan algebra bundle of finite type.  Consider
h(§) = U h(&:), where h(&:) = L(&x) ® [L(&x), L(&x)]- Then £(§) = h(§) @D ¢

reX
is an ideal bundle of K(§) and it is of finite type.

Proof. We observe that if £ is of finite type, then h() is also a Lie algebra bundle
of finite type. For, let {f;}_, be a partition of unity such that £|y, is trivial, where
Uy={x e X| fi(x) #0}. Let ¢; : U; x J; = |J & be the isomorphisms. Then

zeU;
h(pi) = g(di)lu, xn(sy) : Ui x h(J;) = U h(&:) is an isomorphism and hence A(§)
xzeU;
is of finite type. Thus, £(£) is a bundle of finite type, by the above theorem. Since
each £(&;) is an ideal of K (&), £(€) is an ideal bundle of K (&). O
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The following lemma is straightforward and hence it is stated without proof.

Lemma 3.4. Let (X x V,p, X) be a trivial vector bundle and (X x J,p;, X) be a
trivial semisimple Jordan bundle. Suppose ¢ : X x V. — X X J is a vector bundle
monomorphism such that for each x in X, ¢,(V) is an ideal in J. Then there
exists a finite open partition |J X; = X, such that ¢,(V) = ¢, (V) for all x,y in

X;.

Proposition 3.5. Let n be an ideal bundle of finite type of a semi simple Jordan
bundle of finite type £&. Then h1(n) = |J h1(n.) is an ideal bundle of h(§), where
reX

hi(nz) = {T € h(&) | T(&) C na} is an ideal in h(€,). Moreover, hi(n) is an
ideal bundle of finite type.

Proof. Since & is of finite type, there exists a finite partition {f;}? ; of unity such
that n|y, is trivial, where U; = {z € X | f;(x) # 0}.
Let ¢; : U; x J; = |J &, be the isomorphisms. Since 7 is an ideal bundle of
zeU;

finite type, we have the isomorphisms, t; : U; x J! = |J 70, where J/ C J;. Then
zeU;

(;5;11/)2- :U; x J[ — U; x J; is a vector bundle monomorphism satisfying hypothesis
of the Lemma 3.4. Hence there exists a finite open partition Uj U;; = U; such
that ¢>;1wi(8, J) = ¢;1¢i(s’,J’), for all s,s" € U;;. The neighbourhood U; can
be shrinked so that there exists an ideal I; of J; such that ¢; : U; x I; = |J 72

zeU;
is an isomorphism.

Let ha(L;) ={T € h(J;) | T(J;) C I;}. Given T € hy(I;), consider (g(¢;))(T) =
qﬁi)xT@;l. We have

(9(6))2(T)(Ex) = 0i, Tz (£2) = (6, T)(JT) € Gip(Li) = 7o
Thus g(¢;) : U; x hi(I;) = U h1(n,) is an isomorphism. O
zeU;

Proposition 3.6. Let { be a semisimple Jordan bundle of finite type and
B= U B.= U (b, ® A, & B,) be an ideal bundle of the semisimple Lie bun-

reX reX
dle £(€), where hl is a submodule of h(&;) and A,, By are ideals of &,. Then
n= U A andn = |J B, are ideal bundles of finite type in &.

zeX reX
Proof. Let {f;}?., be a partition of unity such that €|y, is trivial, where
Uy={r e X| fi(zr) #0}. Let ¢ : U; x J; = |J &, be the isomorphisms. Then

zeU;

£(§) is a Lie algebra bundle of finite type, with the isomorphisms
L(pi) = g(¢s) @ i ® ¢ = Uy x £(J;)) — |J £(&). Since B is an ideal of the

zeU;
semisimple Lie bundle £(¢), we have
UixLi % | 85 | 26) B2 v x (),

zeU; zeU;

where L; is a Lie algebra and 1; is a Lie bundle morphism. Then by Lemma 3.3,

we have an ideal I = h/(J) ® A ® B of £(J;) such that £(¢;) : U; x I — U Ba
xeU;
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is a homeomorphism. Then ¢ : U; x A — |J Ay and ¢, : U; x B— |J B, give
zeU; zeU;
Lie bundle isomorphisms and hence n and 7; are ideal bundles of finite type. O
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