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CONSTRUCTION OF DIFFERENTIAL IDENTITIES INVOLVING
n-FUNCTIONS AND THE ASSESSMENT OF CONVOLUTION
SUM
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ABSTRACT. In his notebooks, Ramanujan recorded an extensive list of so-
phisticated correlations pertaining to the Eisenstein series. Shaun cooper
mentioned various identities in his book, including Eisenstein series of level
10 and k-functions. In this article, we show a few application of these se-
ries in the invention of equations that involves class one infinite series and
k-functions. Additionally, we generate numerous differential identities that
involves k-functions. We supply an elementary method of determining a dis-
crete convolution sum by utilizing relations including Eisenstein series and
k-functions and assess a visually appealing representation for the discrete
convolution sum.

1. Introduction

The combination of two signals to produce a new signal involves the utiliza-
tion of a mathematical technique known as convolution. Input signal, output
signal, and impulse response are three signals that are related through convolu-
tion. Numerous mathematical disciplines, including acoustics, spectroscopy, signal
processing, image processing, geophysics, engineering, and physics, use convolu-
tion. As a practical example, we have computed the convolution sum of divisor
functions, which exhibit a connection among Fisenstein series and k-functions.

Differential equations are versatile tools used across multiple disciplines to
model and solve problems, and their application extends even to advanced mathe-
matical areas like number theory and modular forms, where they can help uncover
intricate relationships and properties among mathematical functions. Berndt et.
al [3] stressed the significance of creating differential equations that include 7-
functions and Eisenstein series. This work inspired us to develop a few differential
identities that link Eisenstein series with k-functions. A number of additional
formulas involving k-functions that Ramanujan supplied, both on page 56 and in
other random locations in his lost notebook [9]. He also represented the continued
fractions of Roger’s-Ramanujan in the context of k-functions. Ramanujan addi-
tionally generated formulas that link the Eisenstein series L, M, and N to the
Class one infinite series T5-(¢), ¥ = 1,2,6 in his lost notebook [8]. In a recent
development, Vidya H. C. et. al [10] formulated an expression for the Eisenstein
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series by utilizing the classical Class one infinite series. In this article, we utilize
this formula to create fascinating equations connecting k-functions to the Class one
infinite series. Ramanujan dedicated significant focus to both the development and
utilization of Eisenstein series in his notebook [2] wherein he presented intriguing
identities connecting these series with theta functions. Building upon this foun-
dation, Vidya H. C. et. al [7] further expanded the study, formulating numerous
differential equations and emphasizing their relevance in expressing k-functions
interms of Class one infinite series. Drawing inspiration from their contributions,
this article introduces several differential identities by applying Eisenstein relations
at level 10.

Section 2 contains fundamental information and initial results that are neces-
sary for understanding and accomplishing the main objectives of our research. In
Section 3, we establish noteworthy first-order differential equations by leveraging
Eisenstein series at level 10, incorporating Ramanujan’s k-functions. Addition-
ally, Section 4 explores the creation of novel expressions between Class one infinite
series and Ramanujan’s k-functions using identities that involve Eisenstein series
and k-functions. Section 5 is devoted to the assessment of discrete convolution
sums.

2. Preliminaries

2.1. Definition. Ramanujan provided the following definition of general theta
function in his notebook [2]: Consider any complex a, b and ¢, with |ab| < 1,
Flab) = 3 a6
= (—a; ab) oo (—b; ab) oo (ab; ab) o,

where,
o0

(a:0)00 = [[(1 = ag’), gl <1.
i=0
The subsequent instances are specific cases of theta functions as defined by Ra-
manujan [2]:

¢(q) == f(g,9) Zq:* )2(6% ¢%) oo

= i(i4+1)/2 _ )oo
() = f(a,4%) Zq (q’q .
f(=q) = f(—¢,—¢*) = Z (—1)igi®i-1/2

= (¢ @)oo = ¢~ (1),

where ¢ = *™".

We denote f(—q") = fn.
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2.2. Definition: [5] The Ramanujan function k(q) in terms of the Roger’s -
Ramanujan continued fraction r(q) is expressed as follows:

b) = (@) () o ] oL D=1 = )1 = g%
= 7107710671047103
]:1 1 q 1 qI )(1 q*¥ )(1 g0 )
where
1/5 2 3
=" 40, C T,

1 1 1 1
The Roger’s-Ramanujan continued fraction is associated with the logarithmic

derivatives of the Ramanujan function k, denoted as y1¢,

d
—g—logk.
Y10(q) 93,108

2.3. Definition: [8] Ramanujan formulated an infinite series referred to as an
FEisenstein series in the style of Ramanujan

- - [e'e] jqj B - [ele]
P(q) =1 24;17(#_1 24]2:‘10

For simplicity, we denote P(g") = P,.

2.4. Definition. [9] In his lost notebook, Ramanujan presented the Class one
Infinite Series, which is formulated as follows:

To(q) =1+ Z { _1)2grBrD/2 (6 4 1)2qrBrn/2

Ramanujan proceeded to represent the aforementioned infinite series using the
Ramanujan-type Eisenstein series for values of [ ranging from 1 to 6. Also, em-
ploying pentagonal number theorem [2], [3] established the correlation

T»(q)
—— = P
(¢ 9)oo
Lemma 2.1 [5] There exists a connection among Eisenstein series and Ra-
manujan’s k-function as expressed by the following:

TP T4 1 -4 6] [ Fhuo
P(q?) 5 -2 3 3 Hl%izylo
001 N R N ) EVCR
P L 3 3 5l g |

Lemma 2.2 [10] For every natural number n such that n > 2, the following
relationship exists between the Eisenstein series and the Class one infinite series:
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(4540
Lemma 2.3 [5] The relationship between the infinite series and the k-function
is expressed as follows:

P(g") =1+ ng™Y [T2(Q)+1 _ 1} .

, u(2u? — 5v — 10)
P, — 2P, — 5P, 30P; g =12
(i) 1 2 5+ 10 < CEC 4) Yo+ w |,
i1 - P P Ps —10P;g = 12
(i) 1 + 6P, + 5P — 10Py¢ (vv+1 )y1o+w)

_ 4y —8
(i) —P1+2P2+15P5—10P10—6<uu v ))_12”)

) u(u? — 121} - 12)
3P, — 2P, —5P; + 10P;p =6
(iv) 1 2 5 1 10 < w0+ (v —4) y10+w>v
where k + 1/k =u, —k + 1/k = v, and kdfj% = w.
Proof. The result holds true using Lemma 2.1 and further simplification. O

3. CONSTRUCTION OF DIFFERENTIAL EQUATIONS
Theorem 3.1. If

2
mn
H( = - 107
n275
then the subsequent differential relation holds:
dH u
—_— = — H=0
q dq {(1 —0) y10] )
wherek—k%:u, —k—i—%:v.
Proof. Applying definition of theta function on H(q), we get
7375 f3fs
Now expressing in terms of g-series and taking logarithm on both sides and dif-

ferentiating the resulting relation with respect to ¢ , we deduce the subsequent
relation

H(g) = ™o _ /2 /11T

gdH 1 X rg” > = rqt0r
4 == _ -2 .
ol 8y Dypcas

r=1 r=1 r=1

By applying the Eisenstein series definition and simplifying, we arrive at the sub-
sequent relationship:

qdH 1
= P, — 4P, — 5P5 + 20Pyg) .
H dq =95 (P — 4P, + 10)
Eventually, we figure out the necessary identity by using Lemma 2.1. O
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Theorem 3.2. If
_ A
fof3”

then the subsequent differential relation holds:

H(q)

inTI; - [%yw} H =0,

wherek;—i—%:u, —k—i—%:v.

Proof. Using definition theta function, g-series in H(g) and taking logarithm on
both sides and differentiating the resulting relationship with respect to ¢, we de-

duce

q dH > rq” > rg®" > rg°”
277 1= 2 25
qu ;1_QT+ Zl_q2r+ ;1_(157”

r=1

By streamlining and expanding using the Eisenstein series ,

e 107
rq
=50} 1o

r=1

we achieve at

q dH 1

——=— (P — 2P, — 25P5 + 50Pg) .

H dg 5 4( 1 2 5 1 10)
Finally, Lemma 2.1 is used to determine the necessary differential equation. [
Theorem 3.3. If

fafio
H(q) = :
@ =%

then the resulting differential equation holds:
dH
dq
wherek—k%:u, —k—i—%:v.

u
q {4)3/10] H =0,

(v—

Proof. By representing the theta function H(g) in the form of g-series, subse-
quently applying logarithmic transformations to both sides, differentiating the
resulting relation with respect to ¢, and further incorporating the definition of

Eisenstein series, we derive

q dH = rg" = rg?r = rgor
—— =1+3 -2 5
) DRSS L S Sp

r=1 r=1 r=1

We calculate the conclusion using lemma 2.1.

Theorem 3.4. If

23

H(g) = 125
fio
consequently, the differential identity is valid:

dH

= _wH=0

g ,
where k+  =u, —k+ 1 =, andk%:w,

0 10r
rq
— 30 E —_—
_ o107
r=1 1 q

O
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Proof. Employing the definition theta function, g-series and taking logarithm on
either sides and further differentiating the resulting relation with respect to ¢, we
deduce

dH 0 r 0 2r e 57 e 10r
qdiq:?)zlr_q _221711q2r+5217j1q5r_3021r_qw'

-
r=1 q r=1 r=1 r=1

We determine the necessary differential equation by using Lemma 2.1 in conjunc-
tion with the definition of the Eisenstein series. O

4. CONNECTION AMONG CLASS ONE INFINITE SERIES AND
K-FUNCTIONS

Theorem 4.1. The following series expression among Class one infinite series
and k — function holds:

f1 f2 fs

1 u(2u? — 5v — 10)
— 91— —)—-12 23 =
300q ( T1o oo+ D=4 Yyio+w | +23=0

(1) Tz (q) _4qu(q2) _ 25(]4T2}(c35) +300q9 Tz}fom) +4q (1 _ é) +25q4 (1 _ L)

T2(q) T2(q%) 4T2(q°) 9 T2(q"°) 1 4 1
(2) — 120 4194 T20) 495 2D 109 L) 19 (1 - E)—25(; (1 - E)

+100¢° P REEPY S +w)+1=0
4 fio v(v+1)(v —4) Y10 a

Tola) | 4, Tola®) , s 4 Tala®) 0 Ta(a") | i(1_ 1
(8) — T2+ 4™ 4 754 ) 10097 AL —aq (1 - £ ) 75" (1- 1)

9 1 u(u? — 4v — 8) w B
o (1= ) o (g 3) + 7=

T2(q) T2(q?) 4T2(q%) 9T2(q"%) 1 4 1
(4) 3TD 4 T) 950 D) 410049 T2l) 4 g (l—g)+25q (1— 7)

9 1 uw(u? — 120 — 12) B
—100q (1_fl> —6( v+ )0 —1) y10+w> +3=0

where k+%:u, 7k+%:v7 and kdg;o = w.

Proof. We express Lemma 2.3 (i) to (iv) in terms of T»(¢™) for n = 1,2,5,10 by
employing Lemma 2.2. Hence the proof. O

5. EVALUALTION OF CONVOLUTION SUM

In this section, we provide a simple method of evaluating a discrete convolution
sum. We begin with the definition of Convolution Sum. For k,n € N, we set
dk(n) = Zd‘n d*, where d runs through the positive integer’s divisors of n. If
n ¢ N, we set 0i(n) = 0. For 4,5 € N with ¢ < j, the convolution sum
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Wiin)= > a(@)a()).
ni+mj=n
Alaca, et al. [1] have explicitly computed the convolution
Wi j(n) =3 it mjen 0(1)o(j) for various values of i and j across all n. Wonderful
introduction can be found in Alaca et. al [1]. The article by Xia et. al [11] provides
representations for the convolution 7, 5., o(i)o(j) and >, 15, o(i)o(j) . The
proofs for our results align with the assertions made by Glaisher [6],

P2(q) =1+ ) _(24003(n) — 2880(n))q". — [1]

n=1

Theorem 5.1. For any n € N, we have the convolution sum,

i+2j=n

+5(oa() + o1 (3)) - 15A0)].

(i) 3 oliol)) = 2i4 {(1 — 6n)o(n) + (1 - gn) 7 (%)
i+5j=n

+5(c3(n) + o3 (g)) - 4183(1@} :

) 3 atiati) = 31 [a-smotm+ (1-20) 0 ()

23(““ -(% :v(ff Hu “”D
z< e, Y
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k+t=u —k+1i=v and ke =w.

Proof. Using Lemma 2.1, we derive

3[1+k? 1+ k2 T[ O1+k?
P(q) — P(¢*) == - B N 9
(@) = Pla) 2[1—/{2} {1+k—k2} 2[1—4/{—/{2}?’1” v
24 [1+ k2] 24 1+ k2 24
Plg)—P@P) =" | —— | - = | ——2 e
WP =2 || - 5 | mo+ S
39 [1+k%]  3[ 14k 9 1+k? 33
P(g) — P(q!%) = =2 | 1 S j_Zj_-T* i
(@) =Pl =35 |75 5{1+k—k2] 2{1—4k—k2}y1°+5w’
33 [1+ k2] 1+ k2 3 1+ k2
P(¢®) - P(®) == -2 - | —
(@) = Pla") = 15 | 7752 {1+k—k2] 10 {1—4k—k2}y10+9w’
Wherek%: .
We acquire the compound convolution sum by squaring these results on either side,
using the Eisenstein series formulation, and further adopting relation [1] . |

6. CONCLUSION

In advanced mathematical areas like number theory and modular forms, dif-
ferential equations can uncover deep properties and relationships among mathe-
matical functions. The versatility and wide applicability of differential equations
make them indispensable tools in both theoretical and applied mathematics. In
this article, we have constructed beautiful differential relations that include k-
functions. Convolution is a technique that can be used in any scientific discipline
that requires the computation of mathematical data in the form of multiplying
and then accumulating. The most popular methods used by mathematicians to
determine convolution sums include Ramanujan’s discriminant function, Gaussian
hyper-geometric series, quasi-modular forms, Ramanujan-type Eisenstein series,
and many others. Convolution finds extensive applications in various domains,
including numerical linear algebra, probability theory, numerical analysis, deep
learning, and the design and implementation of finite impulse response filters in
signal processing. Inspired by this, in this article, the convolution sum was carried
out, which helps to compute the discrete convolution of two infinite products.
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